THE TWENTY-SIXTH ANNUAL MEETING OF THE ASSOCIATION 


The twenty-sixth annual meeting of the Mathematical Association of Amer- 
ica was held at Bethlehem, Pennsylvania, on Wednesday and Thursday, 
December 31, 1941, and January 1, 1942, in conjunction with the meetings 
of the American Mathematical Society, the Association for Symbolic Logic, and 
the National Council of Teachers of Mathematics. About five hundred ten were 
in attendance at the meetings, including the following one hundred ninety-five 


members of the Association: 


C. R. ApaMs, Brown University 

R. P. AGNEw, Cornell University 

C. B. ALLENDOERFER, Haverford College 

J. E. A-man, Lincoln School, Columbia Univer- 
sity 

H. A. ARNOLD, Princeton University 

Laura M. AsHBAuGH, Moravian College for 
Women 

H. P. Arxins, University of Rochester 

Rosert ATKInsOoN, The Shipley School 

Frank Ayres, Jr., Dickinson College 


H. M. Bacon, Stanford University 

N. H. BALL, U. S. Naval Academy 

I. A. BARNETT, University of Cincinnati 

E. G. BEGLE, University of Michigan 

J. A. BENNER, Lafayette College 

A. A. BENNETT, Brown University 

Brother BERNARD ALFRED, Manhattan College 

WILL1AM Rochester, New York, Public 
Schools 

A. H. Brack, Lebanon Valley College 

H. F. BoHNENBLUST, Princeton University 

Jutia W. Bower, Connecticut College 

L. E. Boyer, State Teachers College, Millers- 
ville, Pa. 

J. W. Brapsuaw, University of Michigan 

C. C. BRAMBLE, U. S. Naval Academy 

R. W. Brink, University of Minnesota 

H. W. BrInKMANN, Swarthmore College 

FosTER Brooks, Kent State University 

N. R. Bryan, University of Maine 


S. S. Cairns, Queens College 

W. D. Carrns, Oberlin College 

P. A. Carts, University of Pennsylvania 
MIvpRreEp E, Caren, Brown University 

I. S. CARROLL, Syracuse University 

W. F. CHENEY, Jr., University of Connecticut 
RANDOLPH CHURCH, U. S. Naval Academy 

L. W. CouEN, University of Kentucky 

Nancy Co e, Sweet Briar College 


J. B. CoLteMan, University of South Carolina 
RICHARD CourANT, New York University 

H. B. Curry, Pennsylvania State College 

E. H. Cutter, Lehigh University 


D. R. Davis, State Teachers College, Mont- 
clair, N. J. 

J. E. Davis, Drexel Institute 

L. J. Deck, Muhlenberg College 

F. F. DECKER, Syracuse University 

Cart Denzow, Ohio University 

L. L. Dings, Carnegie Institute of Technology 

ARNOLD DRESDEN, Swarthmore College 

Janet C. Duranp, Beaver College 


W. E. FerGuson, University of Missouri 

F. A. FicKEeNn, Cornell University 

W. W. FLEXNER, Cornell University 

M. M. FLoop, Princeton University 

L. R. Forp, Illinois Institute of Technology 

TOMLINSON Fort, Lehigh University 

R. M. Foster, Bell Telephone Laboratories. 

J. W. Foust, Central Michigan College of Edu- 
cation 

J. S. FRAME, Brown University 


R. E. GASKELL, University of Alabama 

H. M. Geuman, University of Buffalo 

Rev. F. J. Gerst, Loyola University, Chicago 

B. P. Git, College of the City of New York 

J. S. Gotp, Bucknell University 

MICHAEL GOLDBERG, Bureau of Ordnance, 
Navy Department 

H. H. Gotpstineg, University of Michigan 

CorNELIUs GouwEns, Iowa State College 

H. S. Grant, Rutgers University 

C. H. Graves, Pennsylvania State College 

L. J. GREEN, Georgia School of Technology 

F. L. GrirFin, Reed College 


D. W. HALL, Brown University 
H. H. Hartzver, Goshen College 
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L. A. HAZELTINE, Stevens Institute of Tech- 
nology 

E. R. Heprick, University of California at Los 
Angeles 

C. E. HeEmMan, Elizabethtown College 

CoLEMAN HERPEL, Hazleton Undergraduate 
Center, Pennsylvania State College 

H. C. Hicks, Carnegie Institute of Technology 

E. H. C. HILpDEBRANDT, State Teachers Col- 
lege, Montclair, N. J. 

MartTHA HILDEBRANDT, 
High School 

T. R. Hoticrort, Wells College 

W. A. Hurwitz, Cornell University 


Proviso Township 


E. D. JENK1Ns, Eastern Kentucky State Teach- 
ers College 

Fritz Joun, University of Kentucky 

EvaN JouHNSON, Jr., Pennsylvania State College 

P. S. Jones, Edison Institute of Technology 


Mark Kac, Cornell University 

J. L. KELLeEy, University of Notre Dame 

A. J. Kempner, University of Colorado 

R. B. KLermnscumiptT, Schuylkill Undergradu- 
ate Center, Pennsylvania State College 

J. R. Kure, University of Pennsylvania 

P. A. KNEDLER, State Teachers College, Kutz- 
town, Pa. 

T. L. Korner, Muhlenberg College 

W. C. KRATHWORL, Illinois Institute of Tech- 
nology 

P. V. KuNKEL, Cedar Crest College 


W. A. LaFFerty, High School, Warren, Pa. 
O. E. Lancaster, University of Maryland 
R. E, LANGER, University of Wisconsin 

V. V. Latsuaw, Lehigh University 
SoLoMon LEFSCHETZ, Princeton University 
A. J. Lewis, University of Denver 

Mayme I. Locspon, University of Chicago 
C. I. Lusi, University of Cincinnati 


C. C. MacDurFeE, Hunter College 

SauNDERS Mac LANE, Harvard University 

H. M. MacNEILeE, Kenyon College 

H. F. Mac NeEtsu, Brooklyn College 

V. McCamman, McKinley Tech. High 
School, Washington, D. C. 

J. J. McCartuy, St. John’s University 

N. H. McCoy, Smith College 

E. J. McSHANE, University of Virginia 

V. S. MALLory, State Teachers College, Mont- 
clair, N. J. 
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A. E. MEpER, Jr., New Jersey College for 
Women 

H. L. Meyer, Jr., College of Wooster 

E. R. C. Mies, War Department, Washington, 
DC. 

F. H. Cooper Union 

DEANE MonrTGOMERY, Smith College 

RicHarp Morris, Rutgers University 

Marston Morse, Institute for Advanced 
Study 

E. J. Moutton, Northwestern University 

F. D. MurnaGuan, Johns Hopkins University 


C. A. NELson, New Jersey. College for Women 
M. A. NorpGAarb, Upsala College 


C. O. Oakey, Haverford College 

E. G. Oxps, Carnegie Institute of Technology 
OysTEIN ORE, Yale University 

F. W. Owens, Pennsylvania State College 
HELEN B. Owens, State College, Pa. 


B. C. Patterson, Hamilton College 
G. W. Patterson, National Bureau of Stand- 
ards 

E. K. Paxton, Washington and Lee University 
. PEHRSON, University of Utah 

. PETERS, University of Illinois 

. Puevps, Harvard University 

. PitcHer, Lehigh University 

. PoLLey, Wabash College 

. Price, University of Kansas 


atpormt 


1BoR Rapé, Ohio State University 

. Y. RAInicH, University of Michigan 

. F. RANDOLPH, Cornell University 

. W. RANKIN, Duke University 

. H. Rawiins, Jr., U. S. Naval Academy 

. E. Raynor, Lehigh University 

AXWELL READE, Ohio State University 

. H. Recuarp, University of Wyoming 

. D. REEvE, Columbia University 

. E. RevEs, The Citadel 

. B. Reynoxps, Lehigh University 

OsES RICHARDSON, Brooklyn College 

. G. D. RicHarpson, Brown University 

. C. RicHTMEYER, Central Michigan College 
of Education 

. F. Runewart, Case School of Applied Sci- 
ence 

. E. Root, U. S. Naval Academy 

. B. Rosser, Cornell University 

. G. Rota, New York University 
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S. T. SANDERS, Louisiana State University 

S. A. ScHELKuUNOFF, Bell Telephone Labora- 
tories 

W. S. Scutaucn, New York University 

I. J. SCHOENBERG, University of Pennsylvania 

E. W. ScHREIBER, Western Illinois State 
Teachers College 

VeryYL G. Scuutt, Wilson Teachers College, 
Washington, D. C. 


TWENTY-SIXTH ANNUAL MEETING OF THE ASSOCIATION 


141 


Rutu W. Stokes, Winthrop College 
J. L. Synce, University of Toronto 
Otto SzAsz, University of Cincinnati 


CarRIE B. TALIAFERRO, State Teachers Col- 
lege, Farmville, Va. 

J. D. Tamarkin, Brown University 

J. I. Tracey, Yale University 

A. W. Tucker, Princeton University 


ABRAHAM SCHWARTZ, Pennsylvania State Col- J. W. Tukey, Princeton University 


lege 

C. A. SHOOK, Lehigh University 

C. N. Suuster, State Teachers College, Tren- 
ton, N. J. 

Mary Sinciair, Oberlin College 

C. H. Sisam, Colorado College 

L. L. SMa, Lehigh University 

Dorotuy M. Bethlehem, Pa. 

M. F. SmiLey, Lehigh University 

C. V. L. Smitn, Lafayette College 

W. M. Smith, Lafayette College 

VirGIL SNYDER, Cornell University 

I. S. SoKoLnikorF, University of Wisconsin 

ViviAN E. SPENCER, U. S. Department of Com- 
merce 

G. W. STaRCHER, Ohio University 

E. P. StarKE, Rutgers University 


R. N. VAN ArNAM, Lehigh University 
OswaLp VEBLEN, Institute for Advanced 
Study 


R. W. Wacner, Oberlin College 

R. J. WALKER, Cornell University 

J. L. Watsu, Harvard University 

Mary EVELYN WELLS, Vassar College 

E. A. WHITMAN, Carnegie Institute of Tech- 


nology 
P. M. WHITMAN, University of Pennsylvania 
W. D. Wray, Williams College 
F. L. WrEN, George Peabody College 


R. C. Yates, Louisiana State University 


Oscar ZaRIsKI, Johns Hopkins University 


Those attending the meetings had rooms in the dormitories of Lehigh Uni- 
versity and took their meals at the cafeteria nearby. The parlor and committee 
rooms of Drown Hall served as a social center with very convenient access from 
the lecture hall and dormitories. The ladies of the department of mathematics 
gave a delightful tea Tuesday afternoon to the large number of mathematicians 
and guests. The streets and homes of Bethlehem were elaborately lighted in 
Christmas fashion and were greatly enjoyed by all, including visits to the older 
parts of Bethlehem and to the Christmas festivities. 

The joint dinner was held Wednesday evening at Hotel Bethlehem. Following 
the dinner Professor W. M. Smith acted as toastmaster, and President Williams 
gave a cordial welcome to the group, speaking of his concern over the problems 
of the new year and giving voice to his confident hope and expectation that in 
the new year the developments in social security and similar policies might not 
affect our colleges adversely. To the great delight of the audience a quartet from 
Bethlehem sang Lisa Lehmann’s “Persian Garden.” Following this Professor 
Snyder exhibited a beautiful parchment scroll, presented on behalf of many 
members of the Society, giving appropriate tribute to Professor Raymond Clare 
Archibald for his able services as librarian of the Society the past twenty-one 
years. Professor Kline spoke eloquently of the experiences of an organization 
secretary and of the important work in defense and war activities that must be 
done by mathematicians. The quartet and members of the department of mathe- 
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matics then presented a light opera “Confusion Overthrown,” written by Dean 
Fort; it need not be said that this had a great deal of mathematical as well as 
romantic content. A resolution of thanks was adopted unanimously recognizing 
the hospitality of the administration of Lehigh University, the efficient work of 
the local committee, and the hospitality of the ladies of the department. The 
evening’s novel celebration closed only with the coming of the New Year. 

The American Mathematical Society held sessions from Monday afternoon 
through Wednesday afternoon. A symposium was held Tuesday afternoon con- 
sisting of two addresses, “The mathematical theory of traveling waves” by Pro- 
fessor L. V. Bewley, and “Some new methods of solution of two-dimensional 
problems in elasticity” by Professor I. S. Sokolnikoff, with discussions by Alan 
Hazeltine, Ernst Weber, D. L: Holl, J. L. Synge, and J. N. Goodier. An invited 
address was given by Dr. Oscar Zariski on “Normal varieties and birational cor- 
respondences.” 

The Association for Symbolic Logic held two sessions on Wednesday after- 
noon. Professor H. B. Curry gave the retiring presidential address, and following 
this a joint session was held with the Society at which five papers were read. 

The National Council of Teachers of Mathematics held morning and after- 
noon sessions on Wednesday and Thursday with numerous addresses by teachers 
of college and secondary school mathematics. An unusual feature of the meetings 
was a session on multi-sensory aids, organized under the supervision of Professor 
E. H. C. Hildebrandt; various moving pictures of a mathematical nature, draw- 
ings and trivision films were exhibited. A very gratifying attendance was ob- 
served at these sessions and the members of the National Council joined with 
the other mathematicians on all the social occasions. 

The Mathematical Association held sessions Thursday morning and after- 
noon, the notable program having been arranged by Professors Arnold Dresden 
and L. L. Dines, chairman. The program follows, together with abstracts of some 
of the papers numbered in accordance with their place on the program: 


First SESSION OF THE ASSOCIATION 


1. “On semi-continuity” by Professor TiBor Rapé, Ohio State University. 

2. “The role of function spaces in function theory” by Professor C. R. 
Apams, Brown University. 

3. “Remarks on divisors of zero” by Professor N. H. McCoy, Smith College. 


1. The paper of Professor Radé will appear in an early issue of the MONTHLY. 

2. In the case of each of several familiar classes of functions Professor Adams 
described the procedure of introducing a metric, or definition of distance from 
one function of the class to another. For the metric space thus obtained he de- 
fined the fundamental notions of Cauchy sequence of elements of the space, 
density of one set of elements with respect to another, and category of a set of 
elements, as well as completeness, separability, and compactness of the space. 
Emphasis was laid on the fact that, since a set of second category is never empty, 
these general ideas may sometimes profitably be employed to establish the exist- 
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ence, in a given class of functions, of functions with certain specified properties. 
In particular and by way of illustration, the speaker sketched Banach’s proof 
that in the class of continuous functions most (in a sense determined by cate- 
gory) of them have at no point finite upper and lower derivative numbers on 
either side of the point. 

3. The paper of Professor McCoy will appear in an early issue of the 
MONTHLY. 


SECOND SESSION OF THE ASSOCIATION 


1. “On a proof of Eisenstein for the law of quadratic reciprocity” by Pro- 
fessor H. A. RADEMACHER, University of Pennsylvania. 

2. “What mathematics has done for me” by Professor B. L. NEWKIRK, 
Rensselaer Polytechnic Institute. 

3. “Operational calculus” by Professor T. L. Smitu, Carnegie Institute of 
Technology. 


2. The paper by Professor Newkirk was a case history of the effect of a 
mathematical background on a period of activity in science and engineering. 
The author’s undergraduate course was classical. It was followed by three years 
of graduate work and teaching, and three years’ study in Germany, all with 
astronomy (celestial mechanics) as the major and physics and mathematics as 
minors. 

After a short period of work in astronomy he followed a developing interest 
in engineering in accepting an invitation to teach mathematics and mechanics 
in an engineering college. His mathematical background enabled him to handle 
courses in mechanics of materials and hydraulics in which he had no previous 
training or experience. 

He developed an interest in gyroscopic phenomena which led to a study 
(theoretical and experimental) of dynamic balancing. This resulted in a patent- 
able improvement in the art of balancing, and the development of a balancing 
machine that was well received especially in the automotive field. 

A study was made of critical speeds of rotating shafts and of other features 
of behavior of rapidly rotating shafts. This study was both theoretical and ex- 
perimental and it explained a number of points of considerable economic impor- 
tance. 

Details of the study of dynamic balancing and of shaft behavior were given 
in this paper to illustrate the parts played respectively by the mathematical 
theory and by experimental studies. 

Facts were presented to speak for themselves but the author’s feeling is that 
mathematical theory furnished the approach through the literature, suggested 
experimental studies, facilitated interpretation of experiments and led to im- 
portant results through coordination of the two angles of attack. It is to be noted 
also that the mathematical background enabled the author to follow developing 
interests in a rapidly changing world. 
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3. Professor Smith gave an account of the operational calculus of Oliver 
Heaviside (1850-1925) who made extensive use of operational methods in solv- 
ing differential equations, mainly in electrical circuit problems. His method was 
to replace the operator d/dt by p, whenever it operated on a function which 
vanished initially. 

The Heaviside method combines a differential equation and the initial condi- 
tions (which are ordinarily used last to evaluate the integration constants) in 
a single equation. Then this equation is solved for the unknown function algebra- 
ically and simplified by separation into partial fractions or expansion in series 
in 1/p; when p is now again treated as an operator, the solution corresponding to 
the given initial conditions is obtained. 

The use of the Laplace transform as an operator is equivalent to the Heavi- 
side method. It is just as convenient and fast, but allows everything to be made 
rigorous. It also increases the power of the method by making use of the Brom- 
wich contour integral which is the inverse of the Laplace transformation. The 
Bromwich contour can be frequently deformed into a closed curve, so that the 
integral is evaluated by the Cauchy residue theory. 

An electrical circuit problem serves to illustrate another advantage of the 
operational method when applied to simultaneous differential equations. In- 
stead of first finding the general solution, inserting the initial conditions and 
solving the resulting simultaneous equations for the integration constants, the 
operational method makes it possible to solve immediately for the unknown 
| current in any mesh produced by the given initial conditions. 
| Boundary value problems in partial differential equations may be often 
solved expeditiously entirely by the use of operator methods. For example, con- 
sider the motion of a stretched string with fixed ends and given initial displace- 
ment and velocity. Using the Laplace transform and then the finite sine trans- 
form, the differential equation together with the end-point and initial conditions 
are all combined into a single equation. After solving this for the unknown func- 
tion, the solution is found by taking the inverses of both transforms. 

The first boundary value problem for an infinite strip is easily solved by tak- 
ing successively the Laplace transform and the Fourier transform (obtained, 
with its inverse, by splitting the Fourier integral theorem into two transforma- 
tions). The result defines a function over a half-plane, which coincides over the 
strip with the solution of the problem. 


MEETINGS OF THE BOARD OF GOVERNORS 


Members of the outgoing and of the incoming Board met on Wednesday 
afternoon and Thursday noon, respectively. 

The following five institutions and forty-seven persons were elected to mem- 
bership on applications duly certified: 
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To Institutional Membership 


LoyoLa UNIvErsiITy, New Orleans, Louisiana 

LoyoLa CoL_eGE, Baltimore, Maryland 

COLLEGE OF THE Hoty Cross, Worcester, 
Massachusetts 


AuGUSTANA COLLEGE, Sioux Falls, South 
Dakota 
ESCUELA DE INGENIEROS INDUSTRIALES, Santi- 


ago de Chile 


To Individual Membership 


H..C. Arnotp, A.M.(Ohio State) Tech. Di- 
rector, Federal Enamel & Stamping Co., 
Pittsburgh, Pa. 

J. E. BELLARpOo, M.S. (St. Bonaventure) Instr., 
Aquinas Coll., Grand Rapids, Mich. 

S. U. Benscoter, M.S., C.E. (Illinois) Asst. 
Engr., U.S. Eng. Dept., U. S. Eng. Office, 
Vicksburg, Miss. 

W. H. Braprorp, M.S.(Louisiana) Instr., 
McNeese Jr. Coll. of L.S.U., Lake Charles, 
ba. 

B. H. Burxstra, M.S.(Kansas State Coll.) 
Instr., Kansas State Coll., Manhattan, 
Kans. 

F. A. Burtrer, Jr., Ph.D.(Stanford) Asst. 
Prof., Univ. of Southern California, Los 
Angeles, Calif. 

W. S. H. Crawrorp, B.A.(Mount Allison) 

“Teaching Asst., Univ. of Minnesota, Min- 
neapolis, Minn. 

L. E. Currman, M.S.(Colorado) Prof., Kan- 
sas State Teachers Coll., Pittsburg, Kans. 

Myrt_e F. Dickinson, M.S. (Catholic Univ.) 
Teacher, Orleans Parish School Board, 
New Orleans, La. 

W. H. Durree, A.M. (Harvard) 
nell Univ., Ithaca, N. Y. 
PauL EBERHART, A.M.(Kansas) Asst. Prof., 
Head of Dept. of Math. and Eng., Wash- 

burn Mun. Univ., Topeka, Kans. 

IsLAM Eroxan, M.C.E.(Cornell) Lt., Turkish 
Army, Turkish Embassy, Washington, 

F. D. FAuLKNER, B.S. in Educ. (Kansas State 
T.C., Emporia) Instr., Kansas State 
Coll., Manhattan, Kan. 

R. A. FETTERER, M.S. (Catholic Univ.) _ Instr., 
St. Francis Seminary, St. Francis, Wis. 

E. L. FirzGeratp, B.S.(California), A.B. 
(Gonzaga Univ.) Instr., Univ. of Santa 
Clara, Santa Clara, Calif. 

J. W. Foust, Ph.D.(Michigan) Asst. Prof., 
Central Michigan Coll. of Educ., Mt. 

Pleasant, Mich. 


Instr., Cor- 


R. W. Garpner, A.M.(Boston Univ.) Vice 
Pres., Head of Dept., Northwest Nazarene 
Coll., Nampa, Idaho 

W. J. Harrincton, Ph.D.(Cornell) Instr., 
Pennsylvania State Coll., State College, 
Pa. 

W. R. Harvey, M.S.(Michigan) Memb. 
Tech. Staff, Bell Telephone Labs., New 
York, N. Y. 

J. R. Heverty, M.S. (Pennsylvania State Col- 
lege) Instr., Math. and Physics, Pennsyl- 
vania State Coll., Mont Alto Undergrad. 
Center, Chambersburg, Pa. 

Raymonp Huck, M.S. (Illinois) 
bama Poly. Inst., Auburn, Ala. 

Evan Jounson, Jr., Ph.D.(Chicago) Asst. 
Prof., Pennsylvania State Coll., State Col- 
lege, Pa. 

J. S. KNapper, M.S.(Pennsylvania State) 
Asst. Supervisor of Math., Pennsylvania 
State Coll., Central Exten., Lemont, Pa. 

D. M. KrasiLt, Ph.D.(Ohio State) Instr., 
Potomac State School, Keyser, W. Va. 

Epna E. KRAMER-LASSER, Ph.D. (Columbia) 
Chm. of Dept., Thomas Jefferson High 
School, New York, N. Y. 

R. L. KrueGer, Ph.D.(Marquette) Prof., 

Wittenberg Coll., Springfield, Ohio 

RACHAEL A. LARog, A.M.(Tennessee) Instr., 
Mary Hardin-Baylor Coll., Belton, Texas. 

W. T. MacCreapiz, Ph.D.(Cornell) Asst. 
Prof., Bucknell Univ., Lewisburg, Pa. 

Sister Mary A.M. (Illinois) 

Instr., Clarke Coll., Dubuque, Iowa 

J. McKissocx, M.E.(Akron) 

Prof., Youngstown Coll., Youngstown, 
Ohio 

H. L. MEyeEr, Jr., M.S. (Chicago) 
of Wooster, Wooster, Ohio 

Q. E. NEtson. Student, Eastern New Mexico 
Coll., Portales, N. M. 

ADRIEN Poutiot. Dir. of Dept., Dean of Fac- 
ulty of Sciences, Laval Univ., Quebec, 

P.Q., Canada 


Instr., Ala- 


Mrs. 


Instr., Coll. 
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L. M. Reacan, A.M.(Kansas) Asst. Prof., 
Poly. Inst. of Brooklyn, Brooklyn, N. Y. 

E. C. Rex, M.S.(Washington) Lecturer, 
Univ. of Southern California, Los Angeles, 
Calif. 

R. B. Rice, A.B.(Wooster) Grad. asst., Ohio 
State Univ., Columbus, Ohio 

J. B. Rosser, Ph.D.(Princeton) Asso. Prof., 
Cornell Univ., Ithaca, N. Y. 

ABRAHAM SCHWARTZ, Ph.D.(Mass. Inst. of 
Tech.) Instr., Pennsylvania State Coll., 
State College, Pa. 

C. E. SEALANDER, Ph.D.(Iowa) Asst. Prof., 
Univ. of South Dakota, Vermillion, S. D. 

R. S. Seamons, A.B.(Utah) Instr., High 
School, Pocatello, Idaho 


TWENTY-SIXTH ANNUAL MEETING OF THE ASSOCIATION 


[March, 


C. V. L. Smitu, Ph.D.(Harvard) Asst. Prof., 
Lafayette Coll., Easton, Pa. 

Rut C. (Mrs. C. C.) A.M. (Col- 
umbia) Teacher, Highland Park High 
School, Dallas, Texas 

M. F. STILLWELL, A.M. (Syracuse) 
Rensselaer Poly. Inst., Troy, N. Y. 

H. L. Stuart, A.B.(Dickinson) 402 S. Han- 
over St., Carlisle, Pa. In war service. 

Mrs. Lota B. Taytor, A.M.(Peabody) Head 
of Dept., Clifton Jr. Coll., Clifton, Texas 

Brother LADISLAUS WALBERT, B.S. (St. Mary’s) 
Instr., Christian Brothers Coll., Memphis, 
Tenn. 

J. E. Woop, A.M. (Colo. State Coll. of Educ.) 
Instr., Math. and Phys. Sci., Jr. Coll., 
Scottsbluff, Nebr. 


Instr., 


The Secretary announced the names of the Regional Governors elected by 
the membership of various regions for a two-year term: 

Region 1 (New England), W. F. CHENEY, Jr. 

Region 2 (New York and Eastern Canada), R. P. AGNEW 

Region 5 (Alabama, Georgia, Florida, North Carolina and South Carolina), 
H. A. RoBInson 

Region 7 (Kentucky, Ohio and Tennessee), C. G. LATIMER 

Region 10 (Kansas, Missouri and Nebraska), L. M. BLUMENTHAL 

Region 12 (Arizona, Colorado, New Mexico, Utah and Wyoming), O. H. 
RECHARD 

Region 13 (Northwestern States and Western Canada), W. E. MILNE 

The financial report for the year 1941 was presented and accepted. It had 
been previously examined by Professor Langer for the Finance Committee and 
by President Brink. The securities of the Association have now been transferred 
to the custody of the Cleveland Trust Company which is to serve as financial 
adviser for the year 1942. 

At the invitation of the Board, Professor S. T. Sanders reported that, due 
to the policy of economy instituted by the Governor of Louisiana, the administra- 
tion of Louisiana State University has recommended to the State Board of 
Supervisors a reduction in the subsidy of the National Mathematics Magazine 
from approximately $2,700 to $600. As the result of the discussion, the President 
and Secretary were requested and instructed to send letters to President C. B. 
Hodges of the University and to J. E. Smitherman, chairman of the Louisiana 
State Board of Supervisors, expressing our appreciation of the importance of the 
magazine and of the contribution which the University has thereby made in 
recent years to the cause of mathematics, and of general education, in the South 
and in the whole country, our great regret at the loss of influence that a discon- 
tinuance of the Magazine would entail, and our hope that the proposed reduc- 
tion in the subsidy will be annulled. 
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The Board voted (1) to nominate G. B. Price as the representative of the 
Association in the American Documentation Institute; (2) to appropriate fifty 
dollars for expenses of the joint War Preparedness Committee of the Association 
and Society ; (3) to appoint D. R. Curtiss member of the Finance Committee for 
a four-year term. 

The following associate editors of the MONTHLY were elected for the year 
1942, as recommended by Professor L. R. Ford: 


L. M. Blumenthal B. F. Finkel E. J. Moulton 
W. B. Carver J. S. Frame J. R. Musselman 
N. B. Conkwright Orrin Frink, Jr. C. O. Oakley 

H. S. M. Coxeter M. R. Hestenes Virgil Snyder 
W. M. Davis R. E. Langer R. J. Walker 
Otto Dunkel Marie J. Weiss 


ANNUAL BUSINESS MEETING 


The annual business meeting and election of officers was held Thursday 
morning, January 1, 1942. The Secretary announced the names of those who 
had been elected to membership at the meeting of the Board. He reports here 
the deaths of the following members: 


Eu! ALLIson, Head of department of mathematics, Franklin School, New York, N. Y. (November 
11, 1941) 

C. S. Arcuison, Head of department of mathematics, Washington and Jefferson College. (Novem- 
ber 21, 1941) 

W. C. Boyrer, Accounting engineer, Consolidated Edison Co., Charleston, S. C. (September 28, 
1940) 

R. L. CHARLEs, Professor of physics and electricity, Franklin and Marshall College. (December 13, 
1941) 

S. DicksTEINn, Professor of mathematics and history, University of Warsaw. (1939) 

O. C. Epwarps, Assistant Professor of mechanical engineering, University of Minnesota. (July 17, 
1941) 

REv. F. J. FEINLER, Pastor, St. Ann’s Church, Grants Pass, Oregon. (August 1941) 

J. W. GLover, Professor emeritus of mathematics, University of Michigan. (July 15, 1941) 

. C. GRAUSTEIN, Professor of mathematics, Harvard University. (January 22, 1941) 

. J. HtRscuHLeR, Professor of mathematics and astronomy, Bluffton College. (May 22, 1941) 

. D. Ler, Professor of mathematics, Connecticut College. (June 15, 1941) 

. J. Maurus, Professor of mathematics and surveying, University of Notre Dame. (November 26, 

1941) 

. G. MITCHELL, Professor of mathematics, University of Kansas. (January 1, 1942) 

THEL I. Moopy, Instructor in mathematics, Pennsylvania State College. (April 11, 1941) 

. E. Moritz, Chairman of department of mathematics, University of Washington. (December 28, 

1940) 

C. M. Sparrow, Professor of physics, University of Virginia. (August 30, 1941) 

H. L. Sweet, Mathematics teacher, Phillips Exeter Academy. (March 27, 1941) 

T. H. TALIAFERRO, Dean of the Faculty, Chairman of department of mathematics, University of 
Maryland. (September 25, 1941) 

J. E. Trevor, Professor emeritus of thermodynamics, Cornell University. (May 4, 1941) 

ALICE WINBIGLER, Professor emeritus of mathematics, Monmouth College. (May 27, 1941) 
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The results of the election of officers were as follows: 

First Vice-President for a two-year term: TOMLINSON Fort, Lehigh Univer- 
sity. 

Governors at large for a three-year term: W. L. Ayres, Purdue University, 
and R. L. WILDER, University of Michigan. 

The Association adopted the two amendments proposed for action at the 
meeting, one according to which two nominations are made by the Executive 
Committee only in the case of the Second Vice-President and members of the 
Finance Committee, the other whereby the By-Law offering life membership 
was cancelled, the Association voting at the same time that the contracts al- 
ready made under this By-Law are to be fulfilled. The Association also voted 
blanket approval to the draft of the By-Laws as printed in the Register of Octo- 
ber 1941, subject to the two amendments just adopted. 

The following resolution, offered by Professor Langer, was unanimously 
adopted: 

The functioning of an organization, such as this Mathematical Asso- 
ciation of America, is at all times dependent upon the appeal through 
which it enlists in its service, without the promise of any material recom- 
pense, men of energy, vision and good will. That the Association has 
unfailingly succeeded in doing this is eloquent of the support which its 
purposes and ideals have enjoyed. Of crucial importance to the Associa- 
tion is the editorial diréction of its organ, the AMERICAN MATHEMATICAL 
Montu.y. The Editor-in-Chief, the officer entrusted with this, fulfills a 
task which is incessantly demanding upon his time and thought. At this 
meeting Professor Moulton lays down this office. For over five years he 
has given steadily and in large measure of his care and energy, to the 
end that he has maintained for the MONTHLY an editorial policy guided 
by a continual striving after an optimum of usefulness, without ever a 
recession from the highest of scholarly standards. 

Be it, therefore, resolved: That the Mathematical Association of 
America acknowledges that Professor Elton James Moulton has served it 
with singular ability and generosity, and assures him of its sincere thanks 
and genuine appreciation. 

On recommendation of a committee appointed by the President, the Chau- 
venet Prize of one hundred dollars was awarded to Professor Saunders Mac Lane 
for his two papers, “Modular fields,” AMERICAN MATHEMATICAL MONTHLY, vol. 47 
(1940), pp. 259-274 and “Some recent advances in algebra,” AMERICAN MATHE- 
MATICAL MONTHLY, vol. 46 (1939), pp. 3-19. In view of the fact that the Chauve- 
net Fund does not now produce the amount hitherto given each three years, the 
recommendation of the committee was adopted that the award continue to be 
made at three-year intervals but that hereafter the amount of the prize be re- 
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duced to $50, with the further provision that only such papers be considered for 
the prize as come within the range of profitable reading of Association members. 


REPORT OF THE SECRETARY-TREASURER AS TREASURER, DECEMBER 20, 1941 


RECEIPTS 
Balance Dec. 12, 1940........... 
1940 indiv. dues....... $ 381.98 
1940 instit. dues....... 52.50 
1941 indiv. dues....... 7,982.70 
1941 instit. dues....... 660.00 
1941 subscriptions..... 1,069.10 
Initiation fees......... 342.00 
Sale copies of MontHLty 724.13 
Sale First Carus Mon... 41.25 


Sale Second Carus Mon. 21.25 
Sale Third Carus Mon.. 25.00 
Sale Fourth Carus Mon. 15.00 


Sale Fifth Carus Mon... 16.25 
Sale Sixth Carus Mon... 296.25 
Sale Archibald’s Outline 

of Hist. of Math...... 188.47 
Life membership fee. . . 56.03 
Annals subscriptions. . . 5.00 
Duke Journal subscrip- 

Math. Reviews subscrip- 

13.00 
Sale Rhind Papyrus.... 20.00 
Drury Coll. int. Hardy 

120.00 
Refund Chicago meeting 21.47 
Profit sale Youngstown 

78.78 
Profit sale Firestone 

34.17 
Int. Genl. End. Fund.. 634.76 
Int. Carus Fund....... 164.37 
Int. Chace Fund...... 271.40 
Int. Chauvenet Fund... 15.00 
Int. current funds..... 60.99 
Payment from restricted 

Carus Fund......... 49.70 
Payment from restricted 

Chace Fund........ 2.20 14,217.78 
Total 1941 receipts to date...... $20 , 393.87 


EXPENDITURES 


Supplement “Math. in Industry”. 
Preparing Register. ............. 
Printicig 
Editor-in-chief’s office........... 
Expense Executive Committee. . . 
Expense Finance Committee... . . 
Membership campaign.......... 
Conference Committee on Educa- 


11.26 
Office expense....... 143.58 
Express, tel., etc... .. 85.50 
Clerical work... .... 2,361.47 
282.40 


Bank charge........ 


Annals subvention. . 

Duke Journal subvention........ 
Math. Reviews subvention........ 
Expense of sections............. 
Expense acct. regional governors. . 
Baton Rouge meeting........... 
Paid Annals subscriptions... .... 
Forwarded Annals subscriptions. . 
Forwarded Duke Journal subscrip- 


Forwarded Math. Reviews sub- 
Sust. memb. in Amer. Math. Soci- 


Insurance back copies MONTHLY. . 
Storage back copies MONTHLY... . 
Paid B. F. Finkel int. Hardy Fund 
Refund subscriptions............ 
Paid back copies MONTHLY...... 


$6,176.09 Publisher’s bills (Nov. ’40—Oct.’41) $ 5,784.42 


108 .33 
359.61 
209.52 
555 .23 
32.37 
875 .66 
89.09 
35.92 
369.54 


50.00 


3,378.67 


200.00 
200.00 
1,000.00 
300.21 
8.75 
149.80 
73.62 
90.00 
10.00 
5.00 


4.00 
26.00 


100.00 
2.32 
30.00 
120.00 
8.55 
76.75 
17.38 


Secretary-Treasurer’s office 

17.03 : 
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RECEIPTs (continued) EXPENDITURES (continued) 
Paid Eudemus int. from Chace 
Printing Archibald’s Outline. .... 323.87 
Expense account Outline........ 12.35 
Expense account Carus Com... .. 12.36 
War Preparedness Com.......... 96.67 
Distributing War Preparedness re- 
Printing Sixth Carus Mon........ 1,250.29 
Honorarium Sixth Carus Mon.... 300.00 
Total expenditures.............. 16,581.75 Total expenditures.............. $16,581.75 
Balance to end of 1941 business.. $ 3,812.12 Checking account............... 217.15 
Received on 1942 business....... 2,512.86 Oberlin Savgs. Bk. acct. restricted 583.10 
——_—__——_ Peoples Banking Co. savgs.acct... 1,835.76 
Cleveland Trust Co. savgs. acct... 1,688.97 
U:S, ‘Detense Bonds... 2,000.00 
Book Balance Dec. 20, 1941..... $ 6,324.98 Bank Balance Dec. 20, 1941..... $ 6,324.98 
EXHIBIT OF THE FUNDS OF THE ASSOCIATION 
Carus MonoGraPH Funp 
$7,955.47 
Expenditures: Expense acct. Carus Fund..............0ccceeeetes $ 12.36 
Printing Sixth Carus: Monogtaph... 1,250.29 
Honorarium Sixth Carus Monograph................ 300.00 1,562.65 
$6,392.82 
Market Value Cost or 
Dec. 31, 1941 Face 
C. & O. 33% Ref. Mort. Bonds Ser. D, 1996......... 2,030.00 2,000.00 
U.S. Treasury 34% Bond of 1946-49............... 1,082.50 1,000.00 
Cash in bank, restr., certif. of participation.......... 347.90 347 .90 7,179.41 
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ARNOLD BuFFUM CHACE FUND 
$8 , 379.69 
Expenditures: Paid Eudemus int. from Chace Fund...............eeeeeeeceeeees 215.71 
$8,163.98 
Market Value = Cost or 
Dec. 31, 1941 Face 
U. S. Treasury 34% Bonds 1946-49................. $2,165.00 $2,000.00 
Montana Power Co. 32% First Mort. Bonds 1966.... 1,045.00 1,000.00 
North American Co. 4% Deb. Bond 1959............ 1,040.00 1,000.00 
3 Shawinigan W. & P. Co. 44% First Mort. Bond 1970. 436.25 500.00 
N. Y. Steam Corp. 33% First Mort. 1963........... 1,053.75 1,000.00 
Cash in bank, restr:, certif. of participation.......... 15.40 15.40 
Jacos Houck MEmorIAL FunD 
$8,181.17 
Market Value Cost or 
Dec. 31, 1941 Face 
U.S: Treasury Bonds, registered)... $4,375.00 $4,000.00 
13 Shawinigan W. & P. Co. 44% First Mort. Bonds 1970 ~=1,308.75 1,500.00 
Gatineau Power Co. 33% First Mort. Bond 1969..... 800.00 1,000.00 
Peoples Banking Co. savings acct...............004- 1,681.17 1,681.17 
CHAUVENET PRIzE FuND 
$ 632.94 
Market Value Cost or 
Dec. 31, 1941 Face 


F 

q 
ag 

i 

ax 


TWENTY-SIXTH ANNUAL MEETING OF THE ASSOCIATION 


LIFE MEMBERSHIP FUND 


Liability on life memberships as of January 1, $ 867.39 


$ 923.42 


To be transferred to current funds, surplus 


Liability on life memberships as of January 1, 1942 


GENERAL ENDOWMENT FUND 


Balance December 12, 1940 


Market Value Cost or 
Dec. 31, 1941 Face 


U. S. Treasury 34% Bonds 1944-46................. $1,050.00 $1,000.00 
U.S. Treasury 33% Bonds 1943-45................. 1,042.50 1,000.00 
Land Trust Certificate, Hotel Cleveland Site......... 550.00 700.00 
Montana Power Co. 3% First Mort. Bonds 1966.... 2,090.00 2,000.00 
Texas Power & Light Co. 5% First Mort. Bond 1956.. 1,070.00 1,000.00 
C. & O. 3% Ref. Mort. Bond Ser. D 1996.......... 1,015.00 1,000.00 
Penn. R. R. Co. 32% Genl. Mort. Bonds Ser.C 1970.. 1,782.50 2,000.00 
Cols. & So. Ohio Elec. 33% First Mort. Bonds 1970... 2,145.00 2,000.00 


Oberlin Savings Bank savings account............... : 2,000.00 


Of the funds on hand, indicated in the first division of this financial report, 
$786.59 is due the general treasury from the Carus Monograph Fund, $223.58 is 
due from the general treasury to the Chace Fund and $132.94 to the Chauvenet 
Prize Fund, while $900.17 is held as a Life Membership Fund, representing the 
liability on life memberships already paid for, as of date January 1, 1942. 
When the accounts were closed December 20, 1941, in order to make a com- 
plete report, there remained on the total business for 1941 the following items: 


BILLs RECEIVABLE BILLs PAYABLE 


1941 individual dues............. $ 200.00 Publisher's bills (Nov., Dec. ’41).. $1,250.00 
From Carus Mon. Fund.......... 786.59 Secretary-Treasurer’s office....... 150.00 
———_ Subsidy Duke Journal............ 50.00 


Life membership fund............ 


$2,786.69 


If to the balance on 1941 business shown in this report, $3,812.12, there be 
added the estimated bills receivable, $1,136.59, and there be subtracted the esti- 
mated bills payable, $2,786.69, there results an estimated final balance at the 
close of 1941 business of approximately $2,160. 

W. D. Cairns, Secretary-Treasurer 


900.17 


THE TWENTY-FIFTH ANNUAL MEETING OF THE 
KENTUCKY SECTION 


The twenty-fifth annual meeting of the Kentucky Section of the Mathemati- 
cal Association of America was held at Eastern Kentucky State Teachers College 
on Saturday, April 26, 1941, in conjunction with the annual meeting of the 
Kentucky Academy of Science. Professor H. A. Wright, chairman of the Sec- 
tion, presided. 

There were fifty-one in attendance, including the following twenty members 
of the Association: N. B. Allison, J. G. Black, M. C. Brown, L. W. Cohen, 
H. H. Downing, L. A. Fair, Charles Hatfield, W. R. Hutcherson, E. D. Jenkins, 
Fritz John, C. G. Latimer, F. Elizabeth LeStourgeon, R. S. Park, Sallie E. 
Pence, D. W. Pugsley, D. E. South, Guy Stevenson, S. Helen Taylor, Mary E. 
Williams, H. A. Wright. 

A luncheon meeting was held in the Student Union Building at which the 
following officers were elected for the next year: Chairman, L. A. Fair, Morehead 
State Teachers College; Secretary, D. E. South, University of Kentucky. 

The following papers were presented: 

1. “On regular polyhedra” by Charles Hatfield, Jr., University of Kentucky, 
introduced by Professor Cohen. 

2. “Reading ability as a factor in solving problems in algebra” by Dr. S. R. 
Hemphill, Berea College, introduced by Professor Hutcherson. 

3. “Amateur research in astronomy” by Professor W. L. Moore, University 
of Louisville. 

4. “Dimensionality” by Professor L. W. Cohen, University of Kentucky. 

5. “Graphical representation of complex roots” by Frances Hamilton, Tran- 
sylvania College, introduced by Professor Wright. 

6. “Biological problem solved by difference equations” by Professor N. B. 
Allison, Kentucky Wesleyan College. 

7. “Suggestions for the teaching of mathematics from American Council on 
Education tests” by Dean S. Helen Taylor, Ashland Junior College. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Mr. Hatfield used the five regular polyhedra of solid geometry as the 
basis for a set of five polyhedra which have interesting properties. A given one 
of this “derived” set is had by replacing the faces of a given polyhedron by pyra- 
mids whose bases are faces of the original polyhedra. If these pyramids for a 
given polyhedron are the same size, then the exterior vertices of the “derived” 
one become vertices of one of the five regular polyhedra. Under such a “trans- 
formation” the tetrahedron transforms into a tetrahedron, the hexahedron into 
the octahedron, and vice versa, the dodecahedron into the icosahedron, and vice 
versa. As a special case of the above pyramid construction, we have the type of 
polyhedron whose faces are rhombi by making the pyramids of such size that the 
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triangular faces of a given pyramid form rhombi with the faces of other pyra- 
mids. 

2. Dr. Hemphill reported on an experimental study to improve the ability of 
pupils to solve verbal algebra problems. More than five hundred students in ten 
schools in seven cities in eastern Kansas participated in the experiment. Special 
efforts were made to master the vocabulary of the text, extensive use was made 
of reading exercises involving mathematical material, and the study of verbal 
problems was distributed throughout the semester. Achievement was measured 
by a test prepared for that purpose. The findings of the study indicate that most 
pupils in beginning algebra will improve in ability to solve verbal problems if, 
under the supervision of their classroom teachers, they effectively study the 
vocabulary of their text and selected reading exercises that involve mathemati- 
cal material. Pupils of superior mental ability seem more likely to benefit by 
such procedures than pupils of average or low mental ability. 

3. The fields of research discussed by Professor Moore were those by which 
cooperation by large groups of amateurs are desirable. These include observa- 
tions of variable stars, meteors, occultations by the moon, observations of the 
moon to determine if there are any changes in its surface features, comet seeking 
and the search for novae. Professor Moore also described the work of the Louis- 
ville Astronomical Society in the observation of the transit of Mercury Novem- 
ber 11, 1940. This work was in cooperation with the Naval Observatory of 
Washington. 

4. Some points in the history of the notion of dimension were indicated by 
Professor Cohen and the work of Vrysohn and Menger was discussed. 

5. Miss Hamilton’s paper was an elaboration of an article of the same title 
by J. A. Ward in the National Mathematics Magazine, vol. 11, no. 7, page 297, 
(Apr. 1937). Carefully prepared large-scale graphs of cubic and quartic equations 
were used to illustrate the theory and to indicate the range of practical use. 

6. Professor Allison discussed a difference equation with constant coefficients 
derived from biological reproduction. The solution involves the sum of like pow- 
ers of roots of an algebraic equation and its discriminant. 

7. Dr. Taylor made a study of the Thurstone Psychology Tests, the Achieve- 
ment Tests in Mathematics and the Literary Comprehension Tests (a test on 
reading ability). Correlation coefficients were: Mathematics and Psychology, 
r=.61; Mathematics and Literary Comprehension, 7 = .44; Literary Comprehen- 
sion and Psychology, r=.59. These coefficients were computed from data of 306 
' students who took the tests in three successive years, 1938, 1939, 1940 as a part 
of the Freshman orientation program at Ashland Junior College. 

It is suggested that the accrediting agencies such as the State University and 
the Southern Association should be in agreement as in other sections of the coun- 
try and that the University should not accredit schools for college entrance un- 
less they are able to be admitted to the Southern Association. The students in 
the group above were from five Southern Association high schools and from a 
large group of unaccredited schools. There should be improvement of instruction 
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in intermediate algebra and solid geometry; there should be more intelligent 
counselling of students as to the amount and kind of mathematics courses taken; 
up-to-date texts should replace many of those now in use; and constructive cur- 
riculum study should be undertaken by the teachers in each school in their own 
department groups. 

D. E. Sout, Secretary 


THE SPRING MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at the United States Naval 
Academy, Annapolis, Maryland, on Saturday May 10, 1941, with a morning 
session, luncheon, and afternoon session. Dean T. McN. Simpson, Jr., chairman 
of the Section, presided. 

The attendance was sixty-five, including the following thirty-six members of 
the Association: H. A. Arnold, A. A. Aucoin, M. W. Aylor, N. H. Ball, G. A. 
Bingley, Archie Blake, W. E. Bleick, C. C. Bramble, Randolph Church, G. R. 
Clements, L. S. Dederick, J. A. Duerksen, W. C. Flaherty, Michael Goldberg, 
Bertha I. Hart, G. A. Hedlund, L. M. Kells, Solomon Kullback, A. E. Landry, 
C. L. Leiper, Florence P. Lewis, S. B. Littauer, E. J. McShane, Sister Thomas 
Marie Maloney, T. W. Moore, C. H. Rawlins, Jr., J. N. Rice, Irwin Roman, 
R. E. Root, J. B. Scarborough, T. McN. Simpson, Jr., F. W. Sohon, G. C. 
Vedova, C. H. Wheeler 111, G. T. Whyburn, R. H. Wilson, Jr. 

At the business meeting the following officers of the Section were elected for 
1941-1942: Chairman, E. J. McShane, University of Virginia; Secretary, C. H. 
Wheeler 111, University of Richmond; to the Executive Committee, Archie 
Blake, U.S. Coast and Geodetic Survey, and G. C. Vedova, University of Mary- 
land. The Section accepted invitations from Georgetown University for the fall 
meeting of 1941, and from Randolph-Macon College for the spring meeting of 
1942. A motion was passed expressing the appreciation of the Section to the au- 
thorities of the United States Naval Academy for their generous hospitality. 

At the invitation of the Section, Professor E. J. McShane of the University 
of Virginia delivered an address on “Computation of flat trajectories.” 

After an address of welcome by Captain G. H. Forte of the United States 
Naval Academy, the following papers were read: 

1. “The basic equations of interior ballistics” by Professor C. C. Bramble, 
United States Naval Academy. 

2. “Some mathematical tools for the young scientist” by Dr. Irwin Roman, 
United States Geological Survey. 

3. “Symmetric recursion formulas for the reversion of power series” by Dr. 
W. E. Bleick, United States Naval Academy. 

4. “Rocketry” by Professor W. A. Conrad, United States Naval Academy, 
introduced by Professor Kells. 
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5. “Computation of flat trajectories” by Professor E. J. McShane, Univer- 
sity of Virginia. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor Bramble pointed out that most interior ballistic systems are 
based on (1) the gas law, (2) the energy equation, or (3) the law of burning. The 
procedure of investigators using the latter method has differed, but in many 
cases has led to a set of auxiliary tables determined by some form of approxi- 
mate integration. In other attempts to solve the problem, the law of burning has 
been replaced by an empirical relation connecting the distance the projectile 
has moved with the velocity of the projectile. Professor Bramble also stated that 
there are formulas which use the results obtained with a known gun asa “model 
experiment” for the purpose of making predictions as to the behavior of a new 
design. 

2. Dr. Roman stated that many mathematical tools are available to young 
scientists who have had a course in calculus, but are usually lost in the intricacies 
of specialized fields. He gave typical examples illustrating numerical roots, poly- 
nomial evaluation, Lagrangean multipliers for linear systems, interpolation, 
differences, least squares, successive approximations, recursion formulas, de- 
partures from standard conditions and the use of computation aids. 

3. Dr. Bleick gave the relations between the coefficient b, of the series 
y=x+) the coefficient c, of the reversed series x = y+)_1cyy ‘+! which 
were in terms of aj=)_{~'b,cj-1, where j =2, 3, - - - , m. He pointed out that these 
formulas were considerably simpler than those which have appeared in the litera- 
ture. 

4. Professor Conrad discussed the problem: Given the solar system as it is, 
to place a man on the planet Mars. He pointed out the many difficulties of 
travelling from the Earth to Mars by rocket, but stated how all of these, with 
the exception of the fuel problem, could be satisfactorily overcome. Professor 
Conrad suggested the expensive step rocket or the equally costly artificial satel- 
lite as a solution for the fuel problem. 

5. Professor McShane stated that if we ignore the small motion perpendicu-. 
lar to the vertical plane containing the initial direction, the motion of a projectile 
is given by two second order differential equations. These can be solved to an 
arbitrarily high degree of approximation by numerical integration. But some- 
times adequate accuracy can be obtained by approximation methods involving 
less computational labor. Professor McShane discussed four such methods, of 
varying degrees of accuracy and correspondingly varying degrees of computa- 
tional difficulty. One of these was the Hitchcock-Kent method; another was a 
modification of that method with more accurate estimate of air density. The 
other two methods are presented in detail in a paper which will be offered to 
this MONTHLY. 

C. H. WHEELER II, Secretary 


ON EQUAL SUMS OF SQUARES 


I. A. BARNETT, University of Cincinnati 
C. W. MENDEL, University of Illinois 


Many special cases of the Diophantine equation 


have been discussed* by various writers. The methods used apply for the most 
part to the special equations considered by each writer. In this paper we shall 
give a complete parametric solution of the above equation. In section 1 we 
first develop a new treatment of the linear homogeneous Diophantine equation 
in ” variables. In section 2 we consider the above equation for m =n and give a 
complete parametric solution in terms of an arbitrary integral vector and an 
arbitrary integral skew-symmetric matrix. The number of parameters in this 
solution may be reduced if we use the results of section 1, though a certain 
simplicity of form is lost in this way. 
In section 3 the system of equations 


is considered and it is shown how the results of section 2 permit us to give a 
complete solution of this problem in a form which is more symmetrical than 
the one usually presented. 

In sections 4 and 5 we return to the equation first mentioned with unequal 
m and nm and apply the results of section 2 to give a complete solution to this 
problem. Finally, in section 6 we solve the problem of the sum of m squares 
equal to a square. 


1. Linear Diophantine equation. Let small Roman letters represent n-partite 
vectors whose components are integers. We shall denote by A(a) or A(ai, a2, -- - , 
a,) the greatest common divisor of these m integers. As usual a-x will stand for 

We consider first the homogeneous Diophantine equation 


(1) a‘x=0 


and suppose A(a) =1. It is readily seen that equation (1) is satisfied by x= Ca 
where C is a skew-symmetric matrix with arbitrary integers for elements. This 
solution was given by Bettit but it was first shown by Giudicet who used a 


method of induction, that every integral solution of (1) is given by this expres- 
sion. 


* Dickson, History of the Theory of Numbers, vol. 2, chapters VI, VII, VIII. 
¢ Cf. J. Bertrand, Traité elem. d’algebre, 1850, translated by G. E. Betti, Florence, 1862, p. 


285. 
¢ Giornale di Mat., 36, 1898, p. 226. 
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The number of arbitrary parameters entering in the solution x=Ca is 
clearly n(n—1)/2 and Giudice showed* further that the general solution of 
equation (1) can be expressed in terms of m—1 parameters. The formulas which 
he obtained are rather involved and we shall give in this section a simpler expres- 
sion for x in terms of a and n—1 integral parameters. 


Let €;=A(ai, de, , Git, Giz1, * Gn). Since A(a) =1 it follows at once 
that A(e,, €;) =1, (#7), and A(a;, €;) =1. Hence the ith component a; of a will 
be divisible by é1€2 - €:;-1€:41° So that, if we let - - - €, there will 
exist an integral vector a such that a;=ae;/e, (t=1, 2, --- , m). From the defini- 


tions of the e; and the vector a we see that the components a; of the vector a 
are relatively prime in sets of n—1. We also observe from equation (1) that each 
component x; must be divisible by the corresponding ¢€; so that, by setting 
x; =e; and dividing by e, equation (1) becomes 


(2) = 0. 
Equation (2) is of the same form as (1) but with the added restriction that 
A(au, Q@2, * » An) =1. Since A(au, ae, , =1 there exist 
sets of integers 71, f2, - , fixed once for all, such that 

ryan + reae + = 1 — an. 


Hence, if we define 7, =1 the last equation may be written as 
(3) r-a=1, (r, = 1). 
In equation (2) let us set 
t= or — 6, 


where @ is a parameter vector and ¢ is a scalar to be determined. We see at once 
that 


a:t = o(a-r) 


so that, by (2) and (3) we find 


(4) 

Thus, for every integral vector 6, 

(5) t; = (a: — (4 = 1,2,---, mn), 
furnishes a solution of (2) and 

(6) = — 05}, (i= 1,2,---,m), 


yields a solution of equation (1). This solution involves m parameters 6; but 
we shall show presently that one of these may be taken to be zero without loss 
of any generality of the solution. 


* Ibid., p. 230. 
t Dickson, Introduction to the Theory of Numbers, Theorem 2, page 2. 


g 
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It remains to show that all solutions of equation (1) are given by the expres- 
sions (6). Corresponding to a given solution x of equation (1) there is a unique 
t of equation (2), defined by x;=et;. It will suffice to show that every such 
solution ¢ may be obtained from (5) by a suitable choice of the integral param- 
eters 6;. 

Considering first the mth equation of (5) we see that (since r,=1) 


a: = ta + On, 
and using this last expression for a-6 in the remaining equations of (5), we find 
6; = riltn + On) — ti, (¢ = 1, 2,---,#— 1). 


Now 06, may be assigned arbitrarily (say, 6,=9), and we thus determine a 
unique set of integral values for the remaining parameters 61, 02, --- , On—1. 
Thus it is clear that every integral solution of equation (2) is given by the ex- 
pressions (5) with 6,=0, and, hence, every integral solution of equation (1) is 
given by (6) with 6,=0. 

We may summarize the procedure as follows: Compute ¢,=A(qi, a2, , 
Qi-1, * An), Find a particular solution of r-a=1 
(r,=1). Then the general solution of a-x =0 is given by x;=e;{(a-6)r;—0;}. 

Example. To solve the equation* 


(7) 3x1 6x2 16x3 80x45 360x;5 = 0, 


we observe that a= (3, 6, 16, —80, 360), =e =a =e =1,€=2,a=(3, 3, 8, 
—40, 180). The equation (3) becomes 


3ri + + 8r3 — 407, = —179 (r,s = 1), 
of which a solution is r=(0, —1, —2, 4, 1) and by (4) 
o = a0 = 30, + 36, + 80; — 40H, (05 = 0) 
Hence the general solution of (7) is 
= — 20, — (o+ &), x3 = — 03), xy = 40 — 


2. Equal sums of » squares. We consider next the Diophantine equation 


which may be written as x-x=y-y, or 


(8) — y)-(x+ y) = 0. 
Define a positive integer y and an integral vector a by the relations 
(9) = A(x y), A(a) = 1, 


so that equation (8) becomes 


* Giudice, page 231. 


4 
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(10) a:(x+ y) =0. 
By Betti’s formula we know that 
(11) x+y= Ca, 


where C is an arbitrary skew-symmetric integral matrix, gives all integral solu- 
tions of (10). From x —y=vya and (11) we obtain 


(12) 2x = (C+ ya, 2y = (C — y1)a, 


where J is the mth order identity matrix. Thus we see that every solution of (8) 
is given by (12), but, while all vectors x, y obtained from (12) will satisfy equa- 
tion (8), it is not true that all these vectors will be integral. We could, of course, 
select the parameters a, C, y to make x and y integral vectors, but we would still 
have the problem of giving the precise description of these parameters in order 
to obtain all integral solutions of the equation (8) and no others.* 

We shall find it convenient to introduce certain vectors and matrices for 
the purposes of the exposition that follows. Let 


0100---00 
0010---00 
w=(-1)t!,J= 
0000---01 
0000---00 


The element in the 7th row and jth column of the m by m matrix J may also be 
written as 


j #+ 
where 63 is the Kronecker delta with a, 8B=1, 2,- +--+, 2m. Further, let u=(1, 
1,---, 1) be the m-partite vector each of whose components is unity and let U 


be the ” by n matrix, each of whose elements is unity. 
We may readily show that 


0 
( 
ol, 0 


where J, is the rth order identity matrix, and also that 


(13) J*=ol, = 

where the prime indicates the transpose matrix. Finally, let 

and we find 

(14) (I+ J)U — K) = 21, I-— K =U (mod 2). 


* Cf. Dickson, Introduction to the Theory of Numbers, page 46, first paragraph. 
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Returning to equation (8) we find, on substituting x —~a for y that 
(15) 2a:x = ya-a. 


From this last equation we see that ya-a must be even, and we let p=1 or 2, 
according as a-a is odd or even. By the first equation of (14) we see that J+J 
is non-singular so that the vector equation 


(16) 2a = p(T + J)b 
defines a unique vector b. The solution of (16) for 6 yields, by the first of (14) 
(17) b = (I — K)a/p. 


In case p=2, we must show that the components of } are integers. In any case 
(op =1 or 2) we note that a-a=p (mod 2) and hence 


(18) u:a = a-a = p (mod 2). 
Also, by the second of (14) we have J—K=U (mod 2), so that 
pb = (I-— Kja=Uaz= pu (mod 2), 


and hence pb=pu (mod 2). Thus every component of 0 is an integer and in 
case p= 1, every component of b is odd, since b=u (mod 2). 

Using (16) we see that the condition A(a) = 1 requires A(b) =1 or 2. However, 
if A(b) =2, the case p=2 would make A(a) =2; and in case p=1, we have just 
seen that the components of b must be odd. Hence in both cases A(b) =1. The 
two conditions A(b)=1, b=u (mod 2) when p=1, together are sufficient to 
insure that the components of the vector a obtained from the vector 6 by means 
of (16) will be integers with A(a) =1. 

Returning now to equation (16) we find 


4a-a = + J)b = p(b-b + Jb-b + 6-Jb + Jb: Jb). 


Since Jb is a vector we have Jb=(Jb)’=bJ’ and by the second of (13), J’ 
=wJ"—!, Also, b-Jb=Jb-b so that 


2a-a = p°(b-b + Jb-b) = + Jb)-b = + J)b-b. 
Hence, equation (15) becomes 
+ J)b-x = p*y(I + J)b-4, 
or 
(19) (I + J)b- (2% — ypb) = 0. 


Now let py=2A. This determines an integer \ since ya:a=yp (mod 2) from 
which follows that y must be even when p=1. Equation (19) becomes 


(20) (I + J)b- (x — db) = 0. 
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If this is multiplied throughout by p/2 so that, by equation (16), A[o(J+J)b/2] 
=1, we find by Betti’s formula that 


” x = db + pC(I + J)b/2, 
y = —dJb + + J)b/2, 


give all integral solutions of equation (8). Thus we see that all integral solutions 
of x-x=y-y are given by (21) where b, C, X are parameters satisfying A(b) =1, 
C’ = —C, p=1 or 2, and in case p=1, every b; ts odd. 

If, in formulas (21) we replace b by its expression in terms of a as given by 
(17), and make use of the identity J/(]—K)=I+K (which is readily derived 
from the first of (14) ), we obtain 


px = (D+ 
(D N)a, 


(22) 


where 


(23) D = pC — 2K. 


Formulas (22) give the complete solution of the equation (8) provided 
(i) D is an arbitrary integral skew-symmetric matrix, 
(ii) a is an arbitrary integral vector with A(a) =1, 
(iii) X is an arbitrary positive integer, 
(iv) p=1or 2 but when p=2 all the elements of D—\dI must have the same parity. 
The truth of (iv) follows if we observe that, in order that C as given by (23), 
be an integral matrix when p=2, we must have 


D— XI = 2C — XJ +: K) = XU (mod 2). 


Also, in case p=2, and X odd, it is necessary that we require a-u=0 (mod 2). 
The earlier requirement (18), viz., a-~=p (mod 2) need not be retained in the 
other cases, though, dropping it may lead to a duplication of solutions. 

Formulas (22) bear a striking resemblance to formulas (12) but we have now 
accomplished our purpose, namely, to give the precise descriptions of C, y, a 
for obtaining all integral solutions. 


If we observe that Jb = (be, bs - - - , bn, whi) where w=(—1)"*'!, we may write 
the solutions (21) in the form 


j=l 
where ¢;;= and b:,,=0);, (nm odd); bisn= (m even). 

Instead of employing the formulas of Betti for the solutions of equation 
(10), we may use the expressions (6) to put the solution of equation (8) in a 


form involving fewer parameters. We readily see that, by the use of (6) and 
x—y=vya, the solution of (8) is 


n n 
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(25) = bi + — O:}, = — + — 


where the vector b is related to the vector a by equation (16), bi:,=0; (m odd), 
and b;,,= —0; (m even), and €;, a, 6, r;, are defined as in section 1. Formulas 
(25) may readily be written in the matrix form. If we denote by D(a) the 
diagonal matrix having a, ds, - - - , @, as the elements of the diagonal, the solu- 
tion (25) becomes 


= b+ D(e)[D(r)UD(a) — 1] 8, 
y = — Jb + D(6)[D(r)UD(a) — 


(26) 


3. A simultaneous set of Diophantine equations. As an application of for- 
mulas (24) we shall now consider the problem of finding all integral solutions of 
the system of equations 


In his Introduction to the Theory of Numbers, Dickson gives* the complete 
solution of the problem for »=3 and n=4 and indicates in an exercise how the 
problem could be solved for general n. We see at once from formulas (24) that 
implies =0. In case n is odd, this reduces to 

and in case n is even, the condition becomes (since 
= —b,. In either case these relations could be used to eliminate 6, in formulas 
(24) and the general solution of the system (27) would result. 

As an illustration, let us consider the case n=3. We shall use formulas (25) 
instead of (24), since this will reduce the number of parameters. Using equation 
(16), we have ai+a2+a3=p(bitb2+63), and since we require :+b:+6; to 
vanish, we see that a,;+a.+a;=0. In view of this last condition and A(a, de, 
a3) =1, we see that the a’s are relatively prime in pairs, so that, in the notation 
of section 1, €,=€:=€;=1. Also, since a,+a2+a;=0 it follows that p=2, so that 


a = + be, de = be + = bs + dy. 
Recalling that 6;=0, we see that the solution (25) becomes 
= Ab, + or, — = — Abo + on — Ah, 
(28) Xe = Abo + ore — be, ye = (bi + be) + ore — br, 
= +b) +o, y= 


(27) 


where 
Rewrite the last equation in the form 


(29) (r1 — 1)(d1 + b2) — (re — = 1, 


* Pages 52, 54, and page 58, ex. 3. 


x 
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and set 
6: = — 1) + debi, = dil(re — 1) + + be). 


These last equations may be solved for integers ¢; and @¢2 in view of (29), and 
we find 


— = — gobi +1, ore — = — + be) + 


The solution (28) of the system (27) now takes the form 


= (A — + di, v1 = — Abo — + fi, 
(30) x2 = (A — — + 1, yo = (A — + be) + hi, 
%3 = — A(di + be) + i, ys = — Abi + 1. 


These are precisely the solutions given by Dickson (page 52), if we set \=G, 
b= —A, bho =A—B, d2=D+G, and observe that ¢; is the arbitrary constant 
which he mentions. 


4. Sum of m squares equal to sum of m squares. Let us now consider the 
equation 


(31) +x = (m<n). 


This problem has been treated by Ballantine and Brown* who gave an algorithm 
which enables them to go from one solution to another, and, by repeated applica- 
tion of this method, to reach eventually any prescribed solution. 

In this section we shall show that, by relating the choice of the vector a enter- 
ing in the formulas (22) to the choice of the skew-symmetric matrix D, we are 
able to find all integral solutions of equation (31). 

Let \ be a given positive integer and D a given integral skew-symmetric 
matrix. We wish to determine those vectors a which, when used in formula 
(22), will cause the last »—m components of the vector y to vanish. Let the 
adjoint of the matrix D—XI be denoted by R=||r;;||, and let E stand for the 
matrix consisting of the first m columns of R, so that 


Let us introduce in the customary fashion, the determinantal factors D; and 
the invariant factors d; for the matrix E. As is well known d,=D,, d;=D;/Dj_1 
(¢=2, 3,---, m), and for each value of 7, d;_; is a divisor of d;. Furthermore, 
there exist} two integral matrices A and B with dimensions » by n and m by m 
respectively, and each of determinant unity, such that AEB =E* where E* is 
the normal form of E and is given by the matrix 


* Pythagorean sets of numbers, this MONTHLY, 1938, vol. 45, p. 298. 
+ Veblen and Franklin, On matrices whose elements are integers. Annals of Mathematics, 
Sec. ser., vol. 23, p. 6. 


¥ 
4 
ig 
4 
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0 0 
0 
E*=/|0 0 0 --: de 
0 - 0 
00---0 | 


Since the matrix A is of determinant unity, its reciprocal A~' is also an 
integral matrix. Now, let 


(32) a= A-'9, 
where @ is an arbitrary integral m-partite vector. Since 6=Aa every integral 
vector a can be represented in the form (32). Also, it is clear that the condi- 
tion A(a) =1 is equivalent to A(@) =1. 

Substituting the expression a as given by (32) in the second of the formulas 
(22), we obtain 


py = (D — 


Multiplying both sides of this last equation on the left by the matrix AR, we 
find 


(33)  pARy = AR(D — = A| D—XI| = | D— XI] 8, 


since R(D—\I) =|D—XI|I. Denoting by F the matrix consisting of the last 
n—m columns of the adjoint R, we may write R=(E, F). Hence we have 


AR = A(E, F) = (AE, AF) = (E*B", AF), 


since AEB=E*. From the form of the matrix, E* we see that the matrix AR 


may be written 
GV 
AR = ( 
O W 


where the dimensions of G, V, and W are m by m, m by n—m, and n—m by 
n—m, respectively. Since the matrices A and R are non-singular,* the same is 
also true for the matrices G and W. Hence, by (33) we obtain 


~ 


Denoting by 8 and # the vectors composed of the last »—m components of 6 
and y respectively, we have from (34) 


* As is well known, the characteristic equation of a skew-symmetric matrix has no, non-zero 
real root. Consequently, the matrix, D—XJ, \>0, is non-singular as is also its adjoint R. 


3 
: 
i 
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(35) | D—XI1| 6 = pW5, 


and, since W is non-singular and | D—)J| #0 we see that the condition ¥=0 
is equivalent to 6=0. 

Finally, it remains to be seen that for the case p=2 integral values of y, and 
not merely halves of integers, are obtained from (34). We know in this case that 
all the elements of the matrix D—XI are of the same parity and, in fact, that 
D-—xXI=XU (mod 2), from which it is seen that 


py = (D — = XU (mod 2). 


Clearly, all the components of the vector \UA~'@ have the same value, say, c¢, 
so that py;=c (mod 2). But fort=m+1,m-+2, - - - , n, we know that each y; =0. 
Hence c is even and all the y,’s are integers. 

Thus we see that, if the prescribed \ and D and the associated vector a, given 
by (32) with = 6,=0 and A(0)=1, are substituted in the 
formulas (22), we obtain solutions of equations (31) and all solutions are found in 
this way. 

In applications it is usually simpler not to compute the matrices A and B but 
rather choose an m by m integral matrix Q, such that every element of the matrix 
EQ is divisible by d,,. That there exist such matrices Q is readily seen by con- 
sidering the diagonal matrix P having the integers dm/d1, dm/d2, «+ + ,dm/dm—1, 1 
for diagonal elements. One easily observes that BP is one such Q, since EBP 
=A-'!E*P and the right side is readily found to be divisible by d,. Having 
found such a matrix Q, we set 


1 
a = — E08, 
dm 


where @ is now an m-partite integral vector with A(@) =1. With this value of a 
substituted in formulas (22), we again obtain all solutions of equation (31). 
An Illustration. Let us start with \=3, 


0 5 5 — 3 5 5 
p~(-s 0 — 3 
—-5 -—-1 0 -—-1 -3 
We may take p = 1 or 2 but shall consider only the case p = 2, so that y = 2A/p=3. 
The determinant |D—)J| has the value —180. The adjoint of D—XI is 


(10 10 20 
34 -n) 


—10 —2 34 


so that 


4 
q 
| 
q 
| 
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10 10 
D, = 2, D2 = 180, d,= 2, = 90. 


and 


10 10 

EQe 1 9 4 

a= ra ~ 90 — 20 34 ) 201 + — 28). 
— 10 — 28 


We may take 


When this vector a is substituted in 
px = py = (D—Ni)a, 
we obtain 
= (— 60; — 62, — 60; — 262, — 30; — 66,), 
y = (— 90, — 402, — 562, 0) 


as the solution corresponding to the given D and J for p=2. 
If, however, we wish to use the first method given in this section, we should 
have to find matrices A and B which, in this case, may be taken to be 


12 0 1 
1 4 
A={-19 0 —-10 } B= 


5 1 3 


2 0 
ana =(0 
0 0 


10 1 0 
Ao = ( 7 
-—-19 -—2 0 
and, since 6;=0, 


(100, Ao, 70; 4 62, = 196; 262). 


and 


We find 


On introducing this a in formulas (22), we obtain 
t= ( — 154, — 62, — 240, — 262, — 570, — 662), 
( 450, 402, 450; 562, 0). 


is 
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It may readily be shown that this solution is equivalent to the one given above. 


5. Parametric solution of equation (31). An illustration. The reader will ob- 
serve that, strictly speaking, the method given in the previous section does not 
give a complete solution of equation (31) in parameters, inasmuch as, for a 
matrix of indeterminates D, one could not exhibit the matrices A and B. How- 
ever, the complete solution in parameters could be given by the use of the 
notations of tensor analysis. We shall illustrate the method by finding the 
general solution of the problem 


(36) ait = yi 
and point out as we go along what the modifications would be for the general 
problem. 


Let the matrix D—XI be given by 


where &, n, ¢, \ are arbitrary integers and A is positive. Consider the matrix 


oi 
= 6; 05 63 


For the general equation (31) the matrix Z is obtained by replacing the first 
row of D—XI by $2, , dn, the next m—1 rows by aset of n(m—1) param- i 
eters* O0.3(a=1, 2,---, m—1; B=1, 2,---,m), and leaving the remaining 


n—m rows of D—XI unaltered. Let uw be the g. c. d. of all the (7—m)th order 
determinants formed from the last n—m rows of the matrix Z. Then if the vector 
a, defined by setting wa; equal to the cofactor of 6; in the matrix Z, is substituted in 
the formulas (22), the general parametric solution of equation (31) will be obtained. 

Returning to our special equation (36), we have w=A(Eé, n, A) and 

Ma, = — wade = OA — O3n, = — HE + 
Using ya, ypy =(D—dD) ya, we find 
= — A(En + AS) + — — O3(EA + nf), 

— — — En) + O3(An — tf) 
2n( £61 702), 


MpXe2 


* The number of parameters introduced here will, in general, be larger than the m parameters 0 
employed in the solution of this problem in section 4. This indicates that in certain special situations 
not all of these parameters would be essential, but the relative simplicity of the solution given in 
this section, compensates for this loss. 


| 
i 
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= — + AS) + + + O3(EX — 
Mpy2 = — + &) — — En) — O3(EF + An), 
0. 


where =A(E, 7, A), A(A1, 42, 03) =1, is a positive integer, p=1 unless X, &, n, 
are all of the same parity, in which case p=1 or 2. Thus we have a general para- 
metric solution of equation (36) 


6. On the sum of » squares equal to a square. We are now in a position to 
give a complete parametric solution of the Diophantine equation 


In this case (m=1) the formula a= EQ0@/d,, of section 4 takes on a particularly 
simple form. Here E consists of one column whose elements are 71, Pnty 
D,=d, is the g. c. d. of these elements, and the matrix Q has only one element 
which would, in fact be unity. The single arbitrary parameter @ would be re- 
stricted to be +1 by the condition A(@) =1. Hence, if we represent by yu either 
of the values +A(ru, , %n1) we have Using these components 
of the vector a in formulas (22), we see that a complete parametric solution of 
equation (37) is given by 


1 2r 
pu 


pu pu 


where we should keep in mind that the » quantities r;, must be expressed in 
terms of the elements of the matrix D—XI which are the parameters for our 
solution. We recall that p=1 unless all of the elements of D—XJ have the same 
parity, in which case p may be 1 or 2. 

We know, of course, that the solution (39) satisfies the equation (37). If one 
attempts to verify directly that this is the case, he is led to an identity in- 
volving the elements of the adjoint of the characteristic matrix of a skew-sym- 
metric matrix. This identity is believed to be new and may be derived as fol- 
lows. 

Since R is the adjoint of the matrix D—XIJ we have 


(D- J, 
from which we get 
(39) DR =| D—XI| 
Taking the transpose of both sides of this last equation, we obtain 
(40) — +2R, 


where we have denoted by R’ the transpose of R and have used the defining 
property of D, viz., D'= —D. Multiply the equation (39) by R’ on the left, and 
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the equation (40) by R on the right and add. We obtain 


(41) | D—dI| (R+ R’) + = 0, 


the desired relation, an identity in \ and the elements of the matrix D. One may 
obtain a similar relationship with R and R’ interchanged, so that R is com- 
mutative with R’. 

In particular, the identity (41) yields 


| m+r =0, 
i=l 


the relation which one needs in order to verify directly that (38) is a solution of 
equation (37). 


THE ADAMS SPHERE* 
V. THEBAULT, San Sebastidn, Spain 


1. Introduction. Among the analogies existing between the triangle and the 
tetrahedron are some remarkable circles and spheres. Corresponding to the nine- 
point circle of a triangle there has long been pointed out two twelve-point 
spheres for an orthocentric tetrahedron and more recently a twelve-point sphere 
for any tetrahedron [1]. Likewise, for the isodynamic tetrahedron, spheres are 
known corresponding to the two Lemoine circles of a triangle [2]; more recently 
a system of Lemoine spheres has been given for any tetrahedron [3]. Finally, 
for the general tetrahedron, we have pointed out the Longchamps sphere, pre- 
viously obtained only for the orthocentric tetrahedron [4] and having many 
analogies to the circle of the same name for the triangle [5]. The present article 
concerns the synthetic study of a sphere of a general tetrahedron corresponding 
to the Adams circle [6] of a triangle. In collaboration with R. Bouvaist (Nantes, 
France) we first pointed out this sphere without giving any derivation [7]. 


2. Adams Circles. Given a triangle A BC, its incircle (7) with center J and 
touching BC, CA, AB at A’, B’, C’, consider a concentric circle (J, p) of radius p 
cutting BC, CA, AB in X and X’, Yand Y’, Zand Z’. The lines XZ’, ZY’, YX’ 
form a triangle A,B,C, homothetic to ABC, the homothetic center being the 
point P, the intersection of the lines AA’, BB’, CC’, i.e., the Gergonne point 
of ABC or the Lemoine point of A’B’C’ and of AiBiCi. 

The sides BC, CA, AB being perpendicular to the radii JA’, IB’, IC’ of (J) 


* Translated from the French by J. E. LaFon, University of Oklahoma. 


[March, 
n 
k 


1942] THE ADAMS SPHERE 171 


at A’, B’, C’, the equal segments XX’, YY’, ZZ’ are antiparallel to BiC;, C)A1, 
A,B, in the angles Ai, Bi, Ci of A1BiC,. Thus (J, p) is a Tucker circle of the tri- 
angle A,B,C\. 

The circles (wa), (ws), (we) of radii pu, ps, pe tangent respectively to AB and 
AC at Zand Y’, to BA and BC at Z’ and X, to CB and CA at X’ and Y are 
orthogonal to a circle (P) of center P, for the radical center of these circles is P 
since A’, B’, C’ bisect XX’, YY’, ZZ’ and AY=$AZ’, BZ=BX', CX=CY'’. 
Conversely, given a circle (P) the circles (O.), (Ox), (O-) orthogonal to it and 
tangent to AB and AC, BA and BC, CB and CA meet these sides in six points 
of a circle concentric with (J). 

When (P) is of zero radius, the circles (O.)=(w/ ), (Ov) =(w? ), (O-) =(w2 ) 
whose centers are within the segments AJ, BI, CI touch the sides of ABC at Z’’ 
and Y’’’, Z’"’ and X”’, X’”’ and Y” in such a manner that the lines Y’’Z’’’, 
Z"'X'""", X"'Y'" meet in P and are perpendicular to the bisectors AJ, BI, CI. 
The circle (I, p’) passing through X’’, X’’’, Y’’, Y’"’, Z’’, Z’"’ is the Adams 
circle of the triangle ABC as well as the first Lemoine circle of the triangle Ay , By , 
Ci , formed by the lines 

It should also be observed that X’’Y’’’, Y’’Z'"’, Z’’X’"’ are the radical 
axes of (w/ ), (we ), ) of radii p/ , , p¢ associated with the circles (w/’), (w3’), 
(w2’) of radii p.’, p#’, p¢’ which pass through P and its symmetrics with respect 
to AI, BI, CI and then touch AB and AC, BA and BC, CB and CA at Z/ and 
and and Y/ in such a manner that A’X/ =A’X/ =B’'Y/ 
=C'Z/ =C'Zi =3X'X"'/2. Thus the six points Yi, 
lie on a circle (I, p’’) concentric with the inscribed circle of the triangle ABC which 
may be called the second Adams circle. In addition (J, p’’) is a Tucker circle of 
the triangle A? Bz Ci determined by the lines Yi Xi 

Using the customary notations for the triangle ABC and putting 4R+r=6, 
simple calculations give successively 


A A 
Pa = cost pa’ = 4r(1—3R cos? fi 


A B Cc 
pa + ps + pd = 4Rr == 2r, 


A B 
pa’ + pbs’ + pl’ = 4r 3 3R cost + cost + cost 6, 


= r[1 + = + (39/8)? 


The associates of the Gergonne point P of the triangle ABC give similar results 
and there are four first circles and four second circles of Adams. 
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3. Adams Spheres. In a tetrahedron T=A BCD, the inscribed sphere (J) 
with center J touches the faces BCD, CDA, DAB, ABC at A’, B’,C’, D’. A 
sphere (J, p) of arbitrary radius p concentric with (J) cuts these same faces in 
equal circles (A’), (B’), (C’), (D’) which meet the lines (A’B, A’C, A’D), 
(B’C, B'D, B'A), (C’D, C’A, C’B), (D'A, D’B, D'C) respectively between B 
and A’, Cand A’, DandA’,---,AandD’, Band D’, Cand D’at (Xb, X., Xa), 
V.V.V- are equal for their circumcircles are equal and the angles BA’C, CA'D, 
DA'B formed by the lines joining the vertices of the tetrahedron T to the points 
of contact A’, B’, C’, D’ of the insphere (J) with the faces are equal for the four 
faces [8]. 

The planes YuZ.Va, XaYaZa form a_ tetrahedron 
T,=AiB,C,\D; homothetic to A’B’C’D’. The faces of T being perpendicular 
to the radii of (7) which circumscribes the tetrahedron T’=A’B’C'D’ are anti- 
parallel to the opposite faces of 7; in the trihedrons (A), (Bi), (Ci), (Di). They 
meet the edges of 7; in the vertices of the tangential triangles X/ X/ Xd, 
Vd Yi, Zi, Vi Vi Ve of the equal triangles X,X.Xa, YeYaYa, ZaZaZr, 
V.V.V.. These tangential triangles are equal in turn and the homothetic center 
of T and the tangential tetrahedron TY of 7, is the point L whose distances to 
the faces of TY are proportional to the circumradii of these faces [9]. But L is 
also the homothetic center of T’ and 7\; thus, in the tetrahedron Ti, the sphere 
(I, p) belongs to a Tucker system of axis O,L, where O, is the circumcenter [10]. 

If the spheres (w.), (ws), (we), (wa) are inscribed in the trihedrons (A), (B), 
(C), (D) of T and touch respectively the three adjacent faces at (Ya, Za, Va), 
(Xs, Zo, Vs), (Xe, Ye, Ve), (Xa, Ya, Va), the points A’ and A;, B’ and Bi, C’ and 
C;, D’ and D, belong to the radical axes of the spheres [(w»), (we), (wa) ], 
[(we), (wa), (Wa) ], [(wa), (a), (ws) ], [(wa), (ws), (we) ]. The radical center of the 
Spheres (wa), (wv), (We), (wa) is thus the point L which remains fixed when the sphere 
(I, p) varies; these spheres (wa), (w), (We), (wa) are orthogonal to a sphere (L), which 
reduces to a point sphere when the spheres meet in this point. Conversely, a sphere 
(L) of center L being given, the spheres (0.), (Os), (O-), (Oa) orthogonal to this 
sphere and inscribed in the trihedrons (A), (B), (C), (D) respectively, touch the 
adjacent faces in twelve points of a sphere concentric with the insphere (J) of T. 

In particular, when (LZ) is a point sphere, the spheres (w/ ), (wi), (we), (wd ) 
passing through L and having centers within the segments AJ, BI, CI, DI are 
tangent to the faces of T at twelve points of a sphere concentric with the insphere (I). 
(Adams sphere) [7]. 

In the general case, we have fixed the positions of the points (X», X., Xa), 
-++, (Vu, Vs, Ve), but as BA’, CA’, DA’ cut the circle (A’) in six points, there 
are four groups of spheres like [(w.), (we), (wc), (wa) ] to consider. Furthermore, 
to each of the tetrahedrons A’B’C'D’ corresponding to the eight centers of the 
spheres tangent to the four faces of T, corresponds a point L, there being in all 
eight positions of ZL, with each of which can be associated quadruples of spheres, 
like [(wa), (ws), (we), (wa) ] and [(w/), (wt), (2), (wd )], these latter spheres hav- 
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ing their centers on AJ, BI, CI, DI,-- + at points different from (wa, ws, We, wa), 
- ++, Here, we shall not continue this study which goes beyond the task which 
we undertook. 


4. Isogonic Tetrahedrons [11]. In this particular tetrahedron ABCD in 
which the lines AA’, BB’, CC’, DD’ meet in the previously mentioned point L 
of the tetrahedron T’=A’B’C’D’, the tangent planes of the spheres (w/ ), (w? ), 
(wé ), (wd ) inscribed in the trihedrons (A), (B), (C), (D) and passing through L 
are parallel to the faces of BCD, CDA, DAB, ABC of T. Consequently the points 
Xd, L, Vd, for example, are collinear with the external center of similitude of 
(wd ) and (w/ ). Likewise, the lines XJ X/Z/, Vi Zé, Zd Vi meet in L. 
The planes through L parallel to BCD, CDA, DAB, ABC determine in T four 
homothetic tetrahedrons. The planes Zid V2), (Zd Vi, Yd Ve), (Vd Ve, 
Xi V2), +: + are thus perpendicular to axes BJ, CI, DI, AI of T. 

Accordingly, the intersections X/ Vi, Yi Zi V2, XE Vd, 
of the planes are parallel to the edges of the tetrahedrons 7’ and T; associated 
with 7. In the present case 7’ and 7, being isodynamic, the Adams sphere of 
center J, containing the twelve points of contact of the spheres (w ), (we ), (wé), 
(wd) with the faces of T and passing through L, is for T’ and 7; a known 
Lemoine sphere [2]. 

If the configurations consisting of the isogonic tetrahedron T and the spheres 
(wd ), (we ), (we ), (wd ) are transformed by a homography leaving the plane at in- 
finity invariant, the following proposition is obtained: [7] Let a quadric (Q) be 
tangent to the faces [A], [B], [C], [D] of a tetrahedron ABCD at A', B’, C’, D’. 
Suppose the lines AA’, BB’, CC’, DD’ meet at a point L. Let T., Ts, T-, Ta be 
cones with vertices A, B, C, D circumscribing (Q). The planes through L parallel 
to the planes B'C'D', C'D'A’, D'A'B’, A'B'C' cut Ts, Ta in four conics 
which lie on a quadric (Q’) homothetic and concentric to (Q). 
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A STUDY OF A QUADRILATERAL INSCRIBED IN A CIRCLE 
R. GOORMAGHTIGH, Bruges, Belgium 


1. Introduction. The analytic treatment, by means of complex coédrdinates, 
of the properties of a quadrilateral inscribed in a circle suggests several consid- 
erations, which do not seem to have been developed before; particularly, the 
introduction of the generalized Simson line leads to remarkable properties, most 
of which are believed to be new, especially those on the envelope of the Simson 
lines of such a quadrilateral; similarly interesting properties will be obtained re- 
garding orthopole-lines. 

Let A1A2A3A,4 be a quadrilateral inscribed in the base-circle I, having as 
center 0 and as radius unity, Q the point with coérdinate 1; t1, fo, 3, ¢4 the turns* 
corresponding to the vertices; 01, 02, 03, 04 the symmetric functions of these turns 


oy = 2h, = C3 = Lhilols, = 
If @ is the conjugate of a, then 
= 03/04, 02 = 02/04, G3 = 01/04, = 1/04. 


Further, 7 being the coérdinate of any point M on TI, the Simson line A of M 
with respect to the quadrilateral ist 


(1) 4xr? + = 373 + — oor + 03 + 3e4/r. 


It is also useful to mention here a few properties we have givent about the 
geometric meaning of the symmetric functions 


tts, So = tte + bets + teh, S3 = 


of the turns corresponding to the vertices of a triangle A,A2A3. 

As is well known, 5s; is the orthocenter of A1A2A3; 52 is the image of s; in the 
circumdiameter parallel to the Simson line of Q with respect to the triangle 
A,A2A;3 and s; is the point where [ meets again the perpendicular drawn from 
Q on that Simson line; the point (s;+53)/2 is the orthopole§, in the triangle 
A,A2As3, of the circumdiameter d perpendicular to OQ. 

It may further be recalled that s2/s; is the Feuerbach point of the tangential 
triangle of A1A2A3,|| or the point of I having its Simson line with respect to 
A,A2A; parallel to the Euler line of that triangle. 


* Frank and F. V. Morley, Inversive Geometry, 1933, p. 15. 

t The projections of M on its Simson lines with respect to the triangles A2A3A4, A3A¢A1, 
A4A\Ao, A1A2A3 are on a straight line, the Simson line of M with respect to the quadrilateral 
A,A2A3A,4 (E. M. Langley, Educational Times, vol. LI; M. Kobayashi, Téhoku Mathematical 
Journal, vol. 28, 1927, p. 46; see also my paper in this MONTHLY, vol. 47, 1940, pp. 466-468). 
Continuing the process, we find the definition of the Simson line of the point M with respect to 
any polygon inscribed in I. 

t Mathesis, 1939, p. 72; this MONTHLY, vol. 46, p. 269. 

§ See paragraph 6. 

|| P. Delens, Mathesis, 1937, p. 265; J. R. Musselman, this MONTHLY, vol. 45, 1938, p. 423, 


174 


; 
fi 
|| 


A STUDY OF A QUADRILATERAL INSCRIBED IN A CIRCLE 175 


2. The fundamental points. The points P;, P2, P3, Ps having as coordinates 
01, 02, 03, 04 are important in the geometry of the quadrilateral. 

The point P; is fixed for any given quadrilateral, whatever the position of Q 
on I’ may be. The point G with codrdinate 0/4 is the center of gravity of four 
equal masses placed at the points A ;(¢;), and, asG lies on the join of O to P;(o:) 
and is such that OP, =40G, we find the following construction for P;: 

If G is the center of gravity of four equal masses placed at the vertices, P is the 
point such that OP, =40G. 

The point G 1s also the common mid-point of the joins of mid-points of the pairs 
of the opposite sides and diagonals. 

For a given quadrilateral A,A2A3A,4, the position of the point P: is variable 
and depends on the position of the unit-point on I’. For, if a new unit-point 2’ 
were chosen, the new codrdinate of the point corresponding to P2, say Pz , would 
be o2/d? and that of the primitive one o2/\, so that the angles (OP! , OP:2) and 
(OQ, OQ’) are equal. 

When, for a given quadrilateral A,A2A3A.4, Q is a moving point on T’, P2 de- 
scribes a concentric circle. 

The construction of P: for a given unit-point Q is very simple: if g is the 
center of gravity of equal masses placed at the points where I’ meets again the 
parallels drawn through © to the sides and the diagonals of the quadrilateral, 
then OP; = 60g. 

For the parallel to A2As3, for instance, drawn from 2 meets I at the point fefs; 
the point g has for codrdinate o2/6 and lies on the straight line joining O to the 
point with coérdinate oz. 

When (is at Ag, o2/2 is 


+ + bs + tite + bats + 


and is therefore the projection of the orthocenter of A:A2A3 on the circum- 
diameter parallel to the Simson line of A, with respect to A1A2A3; so we find 
the following theorem: 

If A,A2A3A,4is a quadrilateral inscribed in a circle with center O, the perpendicu- 
lars drawn from the orthocenter of each of the triangles A2A3A.4, A3A4A1, A4sAiA2, 
A,A2A30n the respective Simson lines of Ai, A2, As, As with respect to these triangles 
are at the same distance from O. 

The Simson line of 2 with respect to the quadrilateral being 


4x + 4f04 = 3+ 01 — o2 + 03+ 


the point P, is the second intersection of the circle T with the parallel drawn through 
Q to the Simson line of that point with respect to the quadrilateral. 

As o3=0,04, Ps; will be derived from the image of P; in OQ by a rotation 
(OQ, OP,). 

Hence, for a given quadrilateral, when { describes I’, Ps; describes a circle 
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having O as center and OP, as radius. 
The equations of OP: and P,P; being 


x — £0, = 0, x + fo4 = 0; + 03. 


OP; is perpendicular and P,P; parallel to the Simson line of 2 with respect to 
the quadrilateral, and, as further OP, =OP3, P, and P; are symmetric with re- 
spect to OP». 

When o,=0 or o;=0 the quadrilateral is a rectangle. But the case o2=0 is 
interesting: then ¢;=52/s,, and we find the following theorem: 

When a quadrilateral inscribed in a circle 1s such that one of the vertices 1s the 
image in the circumcenter of the Feuerbach point of the tangential triangle of the tri- 
angle formed by the three others, the same property applies to the four vertices.* 


3. A square associated with the quadrilateral. Let us consider the points M@ 
such that their Simson line is perpendicular to the radius OM, which has the 
equation x= £r?; then r4=o4, and it is easy to verify that the corresponding 
values of 7 are fixed whatever may be the position of QonT. 

There are four points Li, Le, Ls, Ls, forming a square, such that the Simson lines 
of the points L; are perpendicular to the circumdiameters passing through these 
points.t 


4. Envelope of the Simson lines. The values of 7 corresponding to the Simson 
lines drawn from a point a are given by 


374 + — — oer? + (63 — 4&04)7 + 304 = 0. 
If +0; and +6 are the values of t when a is the point G, i.e. the roots of 
(2) 374 — oor? + 304 = 0, 


the equations of the double tangents A;, A; from G to the envelope E are 


426; + = 010; + 03, 


4x0; + 480, = 0:02 + 03. 
But 


3(72 — 61) (r° — 6) = — oar? + 304. 
The straight line (1) cuts A; and A, at points x:(&) and x2(£) such that 


46 = o1 + 3(7? — 63)/7r, = 01 + 3(7? — 


and the square of their distance is 


* The Simson line of any of the vertices with respect to the triangle formed by the three others 
is then perpendicular to the Euler line of that triangle. 

+ A similar property applies to any polygon inscribed in a circle and having an even number 
of sides; when the number 2 of sides is odd, the points L; having as coérdinates the values of 
on” are such that their Simson lines are parallel to OL;. 
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= — &)(& — &) = 16 0302 
hence, from (2), 
(3) 4d = (36 — = (36 — OP2)'”, 


i.e. a constant, and the envelope of A is an astroid A. 
The perpendiculars erected at X; and X2 on A; and A: are 


+ 63) —o3t+ 3e4(r° 63) /782, 
ot + 363(r —os+ 6:) 61, 


4x0; — 


4x65 


and their intersection 
x = + 37/2 


describes a circle having G as center and 3/2 as radius. 

The envelope of the Simson lines of a quadrilateral inscribed in a circle T is an 
astroid having as center the common mid-point of the distances between the mid- 
points of the pairs of opposite sides and diagonals; it ts a parallel curve to a regular 
astroid inscribed in a circle having as radius one and a half times the radius of T. 

When o2=0 (see section 2), the astroid becomes a regular one.* 


5. Determination of the astroid. The complete determination of A is very 
simple. Let Mi and M; be the points on I having as Simson lines A; and Ag, 
and My and Mj the points on I such that, between arcs in the same rotation 
sense on M,M/ =QM, and M2M/ =QM2; the coérdinates of and are 
then 67 and 63. 

As Mj is parallel to Further, as 6{+63=02/3 we find the 
following construction for A; and A»: 

If J is the point on OP: such that OJ = OP;/6 and if the perpendicular at J 
on OP, meets I at Mj, M?, the lines A;, A, are the Simson lines of the mid- 
points M,, M, of the arcs 

The astroid A is the envelope of the join of the projections X; and X2 on 
A, and A, of a point moving on a circle having G as center and 3/2 as radius. 

The constant length XX, is given by (3) and easy to construct. 


6. Orthopole and orthopole lines. The perpendiculars dropped on the sides 
of a triangle AiA2A; from the projections of the corresponding vertices on a 
straight line, 6, 
x/a+%#/a=1 


* Another regular astroid may be mentioned here in connection with any inscribed quad- 
rilateral: The line drawn through a moving point on the circumcircle, parallel to the Simson line of that 
point with respect to the quadrilateral, envelopes a regular astroid; see my paper on “A theorem ona 
cyclic polygon,” this MONTHLY, vol. 47, 1940, p. 466. 
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concur at the orthopole of 6 with respect to the triangle. 
The projection of A; on 6 being 


(a ty a/ at) /2, 
the orthopole is 
(a + + Gs3/a)/2. 


Let us now consider the orthopoles Ki, Ke, Ks, K, of 6 with respect to the 
four triangles A2A3A4, A344A1, AsA1Ao, A1A2A3. 
The point Ky is 


x= (a +o; — ts + dog/ats)/2, 
and 
& = (4 + 03/04 — 1/ty + 
If we eliminate ¢, from the above equations, we find that K, is on the line 
2ax + 2do4% = ao; + dos + a? + ao, 


and, the equation being symmetric in hy, te, ts, t4, the four points Ki, Ke, Ks, K, 
are on that straight line. 

The orthopoles of any straight line with respect to the triangles having as vertices 
three of the vertices of the quadrilateral are on a straight line. 

When 6 is the circumdiameter passing through the point r on I’, the equation 
of the line of orthopoles 


is satisfied by x =o,/2. 

The line of orthopoles of a circumdiameter is perpendicular to the Simson lines 
of its extremities with respect to the quadrilateral and passes through the image of O 
in G. 

When 6 is the tangent to T at the point M(r), the orthopole line is 


+ = + + 27? + 24/7. 


The orthopole line of the tangent at a point of the circumcircle is parallel to the 
Simson line of that point with respect to the quadrilateral. 

We will now find the envelope E’ of that orthopole line when M(r) de- 
scribes 

As the tangents from a point a to E’ correspond to the points of I having as 
turns the roots of the equation 


(4) — (a@ — o1/2)r*? — (&o4 — 03/2)r + o4 = 0, 


the turns of the contact points of I with the tangents whose orthopole lines are 
the double tangents to E’ are given by 7‘++-0,=0, 
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The orthopole lines of the tangents to 1 parallel to the sides of the square 
LiL2L3L, coincide two by two and are perpendicular to each other at the mid-point 


of OP. 
If pj =(—o,4)'/? and p3 = —(—o,)'/?, the equations of the double tangents are 
+ = pior + 03, 
2xp2 + = + 03, 
and as 


(7? — pi)(r” — = + 


(4) cuts these lines at the points 


o1/2 + (7° — p2)/t, + (7? — pi)/7; 


the distance of these points being 4, we have the following theorem: 
The orthopole lines of the tangents to the circumcircle envelope a regular astroid 
having its inscribed circle equal to the circumcircle of the quadrilateral. 


7. Remarkable circles. As s;=0,—¢,, the expression o;—¢ represents succes- 
sively the orthocenters of A243A4, A344A1, AsA1A2, A1A2A3 when ¢ is replaced 
by hh, to, ts, ty. 

The orthocenters of the four triangles having as vertices three of the four vertices 
of the quadrilateral are on a circle equal to the circumcircle and having as center the 
point F is 

Further the relation 

Sy + 53 + ty = 
shows that, if w1, we, w3, w, are the orthopoles of the circumdiameter a with re- 
spect to the triangles 3A4, A344A1, AsA1A2, A1A2A3, the just mentioned or- 
thocenter-circle, contains also the extremities wi, ws, ws, wi of segments 
, , , Aqwi parallel to Our, Owes, Ows, Ow, and equal to twice these 
respective segments. 


It may also be noted that the projection on A1A:2 of the point 204/03, which 
is the inverse, with respect to I, of the mid-point of OP,, has for coérdinate 


o4/03 + (th + &)/2 — 


and the centroid of the pedal triangle of the considered point with respect to 
is 


01/3 02/30; + o4/03 ba/ Ses. 


The centroids of the pedal triangles of the inverse of the mid-point of OP,, with 
respect tol’, of the triangles A2A3A4, A3A4A1, AsA1A2, A1A2A3 are ona circle. 


8. Conics connected with the quadrilateral. The turns corresponding to the 
intersections of I with the conic 


| 
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x? + axt + + cx + + g=0 
are the roots of the equation 
“H+ ch + (a+ gi? + fit b =0; 
hence the equation of the conics circumscribed to the quadrilateral is 
x? + + o4%? — — +02 0. 


The center is (20104 —aa3) /(40,—a?). 

When a=0 the conic is the circumscribed equilateral hyperbola and the 
center is the mid-point of OP;. When o2=0, the hyperbola passes through O and 
we find this theorem: 

When a quadrilateral is such that each of the vertices is, in the triangle formed 
by the three others, the image of the Feuerbach point of the tangential triangle, the 
circumscribed equilateral hyperbola is the common Jerabek hyperbola* of the four 
triangles formed by the vertices of the quadrilateral. 

When, in the general case, the circumscribed conic passes through O, a =a2 
and the tangent at O is 


O1x + = 0. 


The tangent at the circumcenter to the circumscribed conic passing through that 
point is parallel to the Simson lines of the extremities of the circumdiameter passing 
through the point P,. 

Circumscribed parabolas will be obtained when a= + (o,4)'/?; their equation 
is therefore 


(2 + — — 03% + 02 F =e Q; 
The axes are 
2+ !? = (o, + o3/o}!)/4; 
they meet at right angles at G and are parallel to the diagonals of the square 
formed by the points L;. 


9. Various theorems. In the triangle A1A2A3, 52/51 is the Feuerbach point of 
the tangential triangle. But 


+ ty = 2/51. 


Hence, the distances from O to the straight lines joining A, Az, Az, Aa to the 
Feuerbach points of the tangential triangles AxA3A4, A3A4A1, AsA1A2, A1A2Asz, are 
inversely proportional to the distances from O to the orthocenters of these triangles. 

Similarly, the point s3/s2 is the inverse of the orthocenter of A1A42A3 with re- 
spect to I; but 


+ ty = 03/52. 


* Isogonal conjugate to the Euler line. 
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The distances from O to the mid-points of the joins of Ai, Az, As, Ag to the in- 
verse, with respect tol, of the orthocenters of the triangles A2A3A4, A3A4A1, AsAi1A2, 
A,A2A; are inversely proportional to the distances from O to these orthocenters. 


DISCUSSIONS AND NOTES 


EpITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY 1s open to all forms of ac- 
tivity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


ON GENERALIZED HERMITIAN MATRICES 


H. SCHWERDTFEGER, University of Adelaide 


bs Let 
a1) 
a(2) 
v= 1, 
A = = - | = ) 


be a matrix with  columnsa™ and m rows aj, over a field §. A matrix A of rank r 


will be called a P,-matrix if there is a set of r indices pi, we, --- , uy Out of the 
numbers 1, 2, - - - , Min (m, m) such that the r rows 

(1) Duy)» * * » 


and the 7 columns 
(2) a), gu) 


are at once linearly independent. Important examples of P,-matrices are the 
symmetric, hermitian and skew-symmetric matrices. The following theorem will 
be proved here: 


In every P,-matrix A there is an r-rowed principal submatrix A, of rank r. 


This is a natural generalization of a well known theorem for all the special 
P,-matrices mentioned ;* however the notion of P,-matrix suggests the following 
simple proof: 


* Cf. C. C. MacDuffee, The theory of matrices, Berlin 1933, p. 12, where the proof is based 
on a rather complicated lemma of G. Kowalewski, or J. H. M. Wedderburn, Lectures on matrices, 
New York 1934, p. 89. This proof refers to some properties of the characteristic polynomial of A. 
Our proof makes use only of the notion of linear dependence, thus showing the elementary char- 
acter of the theorem. 
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Consider the “section matrix” A, of the rows (1) and the columns (2), i.e. 
the square array of the r? elements of A which belong to one of the rows (1) as 
well as to one of the columns (2). This obviously is a principal submatrix of A; 
for the elements aye (op =1,---, 7) form the main diagonal of A,. Now let s be 
the rank of A,; then s<r and s columns with the indices y,,, ,,,°-- , Mp, are 
linearly independent whilst the other r—s columns of A, are linearly dependent 
on these s ones. Let A be the matrix with 2 columns whose rows are the 7 rows 
(2). The v-th column of this matrix A depends linearly on @, @2), 
and these being linear combinations of @e2),---, the column 
will also be linearly dependent on these s columns of A. Thus the rank of @ is s. 
But A has r linearly independent rows; hence s =r which proves the theorem. 


2. The preceding theorem is useful in the transformation theory of ¢-sym- 
metric matrices.* Departing slightly from Albert’s method this notion may be 
introduced in the following way. Let a, B be elements of the infinite field §. Let 
(a) be a transformation of § into itself such that either +¢(a) or —@(a@) is an 
automorphism of § which leaves invariant all elements of a certain subfield § 
of § and only these. Then one has 


(3) o(a + B) = o(a) + o(a8) = $(1)¢(a)4(8), o(1) = + 1, 
for alla, B in § and 
(4) = for all in 


whilst for all other a in § one has ¢(a) (1) -a. If —¢ is an automorphism then 
@ may be called an antimorphism. The repeated operation $(¢(a)), shortly de- 
noted by ¢?, is always an automorphism. 

Let %, be the ring of all n-rowed square matrices A over §, (n=1, 2,3,--- ). 
Every auto- or antimorphism ¢ in § induces a transformation in %,. If A = (a}) 
we put 


A, = (¢(a,)). 
Then by (3) 


(A+ B)g=Agt+ Bs, (AB)s = G(1)AgBy 


for any two matrices A, Bin %,. Further (A’),=(A,)’ if A’ is the transpose of A. 
Particularly consider the matrices A in %, for which 


(5) Ag 
Then 
Ay = (Aso = (Ag = (Ag)! = AY = A. 


Further let JT be any non-singular matrix out of %,. The matrix 


* The content of §§2 and 3 is not new; cf. A. A. Albert, Modern Higher Algebra, Chicago 1937, 
Chapter V. However in §2 of the present paper a reason is given why in the study of ¢-congruence 
one has to restrict oneself to involutions ¢. 
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B= 


may be called ¢-congruent with A. When does this ¢-congruence transformation 
not destroy the property (5) of a matrix? Evidently 


Bg = $(1)(T4A) oT = 


B'=T'A'T, 


TyA 


and hence B, = B’ if and only if ¢? is the identity. Thus one is led to restrict one- 
self to the involutory auto- and antimorphisms @¢. If @ is such an involution a 
matrix A which satisfies (5) is called ¢-symmetric. 

A ¢-symmetric matrix A is symmetric if ¢(a@)=a, skew-symmetric if 
(a) = —a, hermitian if ¢(a) =& where § is a field of complex numbers and & the 
conjugate complex number of a. 


3. Now the first step in the reduction of a ¢-symmetric matrix A toa “con- 
gruence normal form” Tj AT, i.e. the elimination of the singular case, can be 
carried out by means of the theorem of §1. Indeed, every ¢-symmetric matrix A 
of rank r is a P,-matrix: If a”, - - - ,a“* isa maximum set of linearly independ- 
ent columns the rows 


= (ap) (p =1,-:-, r) 


form a set of 7 linearly independent rows of A. Let A, be the section matrix of 
these rows and columns. If P further is the permutation matrix which has resp. 
as first, second, - - -, r-th column the wi-th, pe-th, - - - , u,-th column of the unit 
matrix, one obtains because of Ps =¢(1)P 


= $(1)P'AP = ), 
* 
whence follows that one can suppose pu, =p, 7.e. the first r columns and rows in A 


linearly independent. 
Thus one has 


a” = ota” 
and by (5, ale 
(6) = $(1) a). 
p=1 


With the coefficients of defined by these relations we form in the usual way the 
matrices of the “elementary transformations.” Let E“™ be the matrix which at 
the place (p, u) has a one, and zeros at all other places; put 


s” = E- > 
p=1 


4 
q 
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where E£ is the unit matrix. Then AS™ arises from A by replacing the y-th col- 
umn by the zero column. Further because of Ef“=9(1)E%™) one has 


(4) 


p=1 


therefore, as E®)’=E“-») and by (6), the matrix $(1)S®AS™ arises from 
AS™ by replacing the y-th row of this latter matrix by the zero-row. Now put 


S = Sim), 


and correspondingly 
n—r—1 (r+1) _(r+2) (n) 


Sp=@(1) Sep Sy 
Then* 


APPROXIMATION TO A CIRCULAR ARC 
J. M. Bruce, Chicago, III. 


We give here an approximation to a circular arc in terms of its chord and 
the chord of half the arc. Let a be the length of an arc of a circle of radius r, 
subtending a central angle 0. Let c be the length of the chord of the arc, and b the 
length of the chord of half the arc. We shall find it convenient to put ¢=6/4. 
Then 


a = 4rd, b = 2r sin ¢, c = 2r sin 2 = 4r sin ¢ cos ¢. 

Hence 

b= 2r(6 3/31 + 4/514 +++), 
and so 

2b/a = 1 — 92/3! + 
We also have 

c/2b = = 1 — g2/2! 4+ 

Hence 

6b/a — c/2b = 2 — + 
As an approximation we can therefore take 


6b/a — c/2b = 2, 


* This is the theorem 7 of Albert, l.c. p. 105. 
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which gives 
(1) a = 126?/(c + 4b). 


The error in this approximation is easily obtained by expanding the right- 
hand side in powers of ¢. 


12b?/(c + 46) 


48r? sin? #/(4r sin cos + 8r sin ¢) 
12r sin + cos ¢) 

— ¢°/45 — 67/378 + ---) 

a(1 — 4/180 — $°/1512 +---) 

= a(1 — 64/46080 — 6°/6193152 +---). 


Thus the relative error is about 64/45000. This is about .014%, or 45’’, when 
6=90°. 
From (1) we can get a good approximation to cos ¢. For we have approxi- 


mately 
3c/a = (c? + 4bc)/4b? = (¢/2b)? + 2(c/26) 


cos? @ + 2 cos ¢. 


This gives 
cos@? = —1+ V1 + 3c/a. 


There is an error of about 3’24” when @=90°. 


A PROOF OF STURM’S THEOREM 
M. F. SmiLey, Lehigh University 
Our purpose is to give a proof of Sturm’s theorem* (including the case of 
multiple roots) which, in the opinion of the writer, exhibits in two lemmas the 


essential facts on which the theorem is based. 
Let us consider the equations 


(1) fo = fig: — fo, fr = foge — fa, ++, fia =fidi — fis, fra = 


where fo, fi, 1, » Qe are polynomials with real coefficients. Let v(x) de- 
note the number of variations in sign of the sequence 


fo(x), filx), f(x). 


1. If fo(c) #0, then v(x) is constant near} x=c. 


* See, for example, Dickson, First Course in the Theory of Equations, pp. 76-82. 

t We shall use the phrase “near x=c” in place of the longer “for all x on some interval con- 
taining c as an interior point.” Similar interpretations should be given the phrases “just before 
x=c” and “just after x=c” used in Lemma 2. 


i . = ps 
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Proof. lf no fi(c) =0 (¢=1, - - , the conclusion is obvious. If some f;(c) =0 
(¢=1,---,k), then fir(x)fiz1(x) <0 near x =c. To see this notice that the equa- 
tions (1) require that 
(2) fialc) = — = — 


But f:_1(c) #0, because otherwise the equations (1) would yield 
= fialOgi-r(c) — = 0, 


and eventually fo(c) =0, contrary to hypothesis. From the equation (2) we now 
see that f;_1(c)fi41(c) <0, and hence that f:-1(x)fi4:(«) <0 near x=c. It is now 
easy to check that v(x) remains constant near x =c. 

Remark. Note that we do not require that f; be the derivative of fy in Lemma 1. 


Lemma 2. If fi=fé and fo(c) =0, then v(x) is constant just before x =c and just 
after x =c, and v(x) ts one greater just before x =c than just after x =c. 


Proof. We write fo(x) = (x —c)“o(x), where $(c) #0. It follows that 
Silx) = fo (x) = (x — [ud(x) + (x — 0) 
Define F;=(x—c)!~“f;. Then we obtain the equations 
Fy = — F3,+ ++, Fea = — Figs, +++, Fea = 


from the equations (1). Note that Fi(c) =yu@(c) #0. Apply Lemma 1 and we find 
that the number of variations in sign of the sequence 


F(x), F,(x), Fy (x) 


is constant near x=c. But Fo(x)=(x—c)d(x) and F,(x) =yh(x) + (x —c)p’ (x) 
have opposite signs just before x =c and the same signs just after x =c. Thus the 
number, V(x), of variations in sign of the sequence 


Fo(x), F,(x), F,(x), 


decreases just one at x=c. But the number of variations in sign of a sequence is 
unchanged by multiplication by a nonzero number, and hence V(x) =v(x) except 
possibly at x =c. The conclusions of Lemma 2 are now obvious. 

We conclude with a statement of Sturm’s theorem, which follows immedi- 
ately from Lemmas 1 and 2. 


THEOREM. If a<b, fo(a) 40, fo(b) 40, and fi=f¢ then the number of distinct 
roots of fo(x) =0 on the interval aSx Sb is v(a) —v(b). 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the other 
editors or officers of the Association. 


The Dozen System. By George S. Terry, Longmans, Green and Company, 1941. 
53 pages. $.50. 


Mr. Terry has set forth a comparison between the decimal and duodecimal 
systems of numbers in this book. He stresses throughout the advantages of the 
use of twelve instead of ten as a base for numbers. The book is written clearly 
and in language that an intelligent school boy can understand. There are exer- 
cises, problems, charts, and tables to demonstrate and clarify his points. 

The comparative ease of calculation in the fundamental processes with the 
duodecimal system is shown. The advantages of the system in factoring, finding 
factorials, and powers and roots of numbers are demonstrated. The convenience 
of expressing many simple fractions exactly in what he refers to as “point form” 
is one of the major advantages of the system. 

Commerce has long used the dozen-base for buying and selling in dozens and 
gross but has yet to take advantage of the dozen system for multiplication of 
feet and inches, or expressing large numbers in fewer digits. 

Mr. Terry has made a duodecimal slide rule, adapted Napier’s Bones to aid 
in calculation and, in his earlier work, “Duodecimal Arithmetic,” given sets of 
tables, to make the dozen system practical. He is convinced of the practicality 
of the use of duodecimal system and is doing everything in his power to convince 
others. 

C. A. LESTER 


Tables of Natural Logarithms. Volume III. Contains the Logarithms of the Deci- 
mal Numbers from 0.0001 to 5.0000. (Prepared by the Federal Works Agency 
Works Projects Administration for the City of New York. Conducted under 
the Sponsorship of the National Bureau of Standards.) New York, Work 
Projects Administration, 1941. 17+501 pages. $2.00. 


This is Volume III of a series of four volumes of natural logarithms. It con- 
tains the natural logarithms of decimal numbers from 0 to 5 at intervals of 
0.0001. 

The corrections of errors in the Wolfram Tables, and the explanation of the 
procedure for direct and inverse interpolation are repeated from the earlier vol- 
umes. The arrangement of the page and the safe-guards for a high degree of 
accuracy are the same as in the preceding volumes. A fourth volume will con- 
tain the natural logarithms of decimal numbers from 5 to 10 at intervals of 0.001. 

VIRGIL SNYDER 
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Statistical Method from the Viewpoint of Quality Control. By Walter A. Shewhart 
with the editorial assistance of W. Edwards Deming. The Department of 
Agriculture Graduate School. Washington, D. C., 1939, 9+155 pp. 


The industrial world is indebted to Dr. Shewhart for his introduction of sta- 
tistical methods to the problem of quality control. A realization of the practical 
significance of his contributions can best be attained by a study of his earlier 
text “Economic Control of Quality” and of the numerous technical articles pub- 
lished by Dr. Shewhart and his associates at the Bell Telephone Laboratories. 
This latest book is an important contribution to both industrial and scientific 
thought. It is based on a series of four lectures delivered by Dr. Shewhart to the 
Graduate School of Agriculture and, consequently, is not a beginner’s textbook. 
Derivations of standard statistical formulae are omitted and thereby a critical 
viewpoint of the réle of statistical methods in quality control is obtained by the 
reader without the interruptions of mathematical manipulations. A beautiful 
parallel is drawn between mass production and scientific methods: the author 
regards the cycle of specification, production and inspection in industry as cor- 
responding to the cycle of hypothesis, experiment and test of hypothesis in sci- 
ence. 

Briefly described, Dr. Shewhart’s monogram is a criticism of statistical meth- 
ods but it is definitely constructive. One cannot refute his claim that the lan- 
guage of the statistician is “emotive” rather than scientific, when one considers 
his list of such common statistical phrases as “statistical facts,” “confidence 
limit,” “probable error,” “most probable value” and “best estimate.” In the 
opinion of this reviewer, both the scientist and the industrial statistician will 
profit by a careful study of this sincere and interesting monogram. 


WALTER BARTKY 


College Geometry. By Paul H. Daus. New York, Prentice-Hall, Inc., 1941. 15 
+200 pages. $2.50. 


This text is a good introduction to the synthetic goemetry of the triangle 
and circle and related topics. It is by no means exhaustive, but it does introduce 
many of the topics which should be made a part of the curriculum of prospective 
teachers of mathematics. 

After a brief historical introduction the author takes up the subject of similar 
and homothetic figures, with special emphasis on homothetic circles. 

The second chapter is devoted to the subjects of concurrency and collinear- 
ity. The theorems of Menelaus and Ceva are discussed and applications of these 
theorems are given. The second part of this chapter deals with harmonic division 
and orthogonal circles and the harmonic properties of the complete quadrilateral 
and quadrangle. Although this chapter is brief it affords a good introduction to 
these subjects. 

The author next introduces the subject of inversion, discussing the inverse 
of the point, line and circle, the angle and distance relations and geometric con- 
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structions. This is followed by a short chapter on the pole and polar relation with 
respect to the circle and a brief discussion of the trilinear polar and isogonal 
conjugates. 

This is followed by a rather complete discussion of coaxal circles, emphasizing 
their harmonic properties. The involution determined by a coaxal system of cir- 
cles on a line, and the corresponding involution of lines through a point are in- 
troduced. 

The author devotes two chapters to a discussion of the notable points, lines 
and circles associated with a triangle. Although this discussion is brief it is suffi- 
ciently complete to serve as a good introduction to the interesting geometry con- 
nected with the nine-point circle, the orthocentric quadrilateral, the Simson line 
and associated theorems. The last chapter contains an interesting collection of 
ruler and compass constructions. 

The student with the limited mathematical background provided by the 
usual high school courses in plane geometry and trigonometry will have little 
difficulty with this text. The discussions are clear and the diagrams numerous 
and well done. Ample problems for a short course are included. A novel feature 
of this text is the key to the solution of the problems which the author has in- 
cluded at the end of the text. Your reviewer was dubious about the value of this 
feature until he had observed its use in practice. At first glance it appears that 
the author has offered a crutch to the poor student, as indeed he has, but your 
reviewer was agreeably surprised to find that his students used the key only as 
a last resort or as a check on their own work. 

Your reviewer believes that a text on college geometry to be of greatest 
service to prospective teachers of high school mathematics should contain a 
chapter or two devoted to construction problems involving geometric loci and 
triangles from indirect elements. The practice in developing the analysis, synthe- 
sis and discussion of results of such problems would prove to be a valuable item 
in his training and also of great value in developing many of the theorems and 
problems contained in a text of this sort. This text is weak at this point. 

The reviewer has found this book teachable and, from the point of view of 
both teacher and student, readable. It is an excellent addition to the texts on 
this beautiful and interesting field of synthetic geometry. 

H. N. Husss 


El Sexo desde el Punto de Vista Estadistico. By José Gonzalez Galé. Buenos Aires, 
Imprenta de la Universidad, 1941. 54 pp. 


Vital statistics appear to show, with remarkable unanimity, that “masculin- 
ity” (the ratio of male to female births) is roughly 22/21, with circumstantial 
aberrations. The present memoir is devoted to an investigation of this and other 
statistics related to the determination of sex. Though without technical interest 
to a mathematician, the material is presented in a lucid and entertaining way. 
The first two chapters (about half the pamphlet) are given over to description 
and historical background, in which vital statistics are found to have been origi- 
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nally collected at the direction of Henry VIII during the epidemics of the early 
sixteenth century. The third chapter presents data on “masculinity.” In the last 
chapter, the determination of sex is explained on the basis of chromosomes and 
the Mendelian laws, and it is indicated that no satisfactory account of “mascu- 
linity” has yet been found. 

F. A. FICKEN 


Algebraic Solid Geometry. An Introduction. By S. L. Green. Cambridge, Uni- 
versity Press; New York, The Macmillan Company, 1941. 9+133 pages. 
14 figures. $1.75. 


This little book is based on a course of lectures given repeatedly at Queen 
Mary College for general students. It assumes a knowledge of elementary alge- 
bra, including determinants, and an outline of trigonometry. The salient feature 
is its directness and brevity. Much of the discussion is based on the interpreta- 
tion of the sides of a plane, thus avoiding most of the ambiguity arising from 
signs. The treatment is entirely in terms of rectangular cartesian coérdinates. 
The subjects include planes, lines, spheres, central quadric surfaces, paraboloids 
and cones, with an introduction to generators of central quadrics, poles and 
polars, harmonic section, and inversion. A generous list of well-chosen exercises 
is inserted at frequent intervals. Answers are not provided. The printing and 
press-work are excellent. 

VIRGIL SNYDER 
NEW BOOKS RECEIVED 


Tables of Natural Logarithms. Volume III Contains the Logarithms of the 
Decimal Numbers from 0.0001 to 5.0000. (Prepared by the Federal Works 
Agency Works Projects Administration for the City of New York. Conducted 
under the Sponsorship of the National Bureau of Standards.) New York, Works 
Projects Administration, 1941. 17+501 pages. $2.00. 

Methods of Correlation Analysis. By Mordecai Ezekiel. Second Edition. New 
York, John Wiley and Sons, Inc.; London, Chapman and Hall, Limited, 1941. 
19+531 pages. $5.00. 

An Introduction to the Theory of Newtonian Attraction. By A. S. Ramsey. 
Cambridge, at the University Press; New York, The Macmillan Company, 1940. 
9+184 pages. $2.50. 

Dimension Theory. By Witold Hurewicz and Henry Wallman. Princeton 
Mathematical Series, Volume 4. Princeton University Press; London, Humphrey 
Milford and Oxford University Press, 1941. 7+165 pages. $3.00. 

Algebraic Solid Geometry. An Introduction. By S. L. Green. Cambridge, Eng- 
land, at the University Press; New York, The Macmillan Company, 1941. 9+ 
133 pages. $1.75. 

Science and Sanity. By A. Korzybski. Second edition. Chicago, Illinois, In- 
stitute of General Semantics, 1941. 382 pages. $3.50. 

To Discover Mathematics. By G. M. Merriman. New York, John Wiley and 
Sons, 1942. 435 pages. $3.00. 
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CLUBS AND ALLIED ACTIVITIES 


EpitTep By E. H. C. HILDEBRANDT AND J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Brown University, Providence, 


A MATHEMATICAL CONTEST 


A contest like the one that follows has been tried several times at Wellesley 
College and has seemed to interest the students. Perhaps it may appeal to Math- 
ematics Clubs in other colleges. It is obviously not suitable for a club meeting, 
since it involves the use of histories of mathematics, anthologies of poetry and 
so on. However, the officers of a club might like to sponsor such a contest and 
offer a prize to its members or to all students taking mathematics in the institu- 
tion in question. 

HELEN A. MERRILL 
Marion E. STARK 


“A prize is offered for the best set of answers. Any student who has taken a 
course in mathematics in college may compete. To win the prize a student must 
have at least fifteen answers correct. After each answer give an exact reference, 
stating where it was found.” 


A. Name the following: 


1. A mathematician, now dead, who wrote very popular books for children. 

2. The man responsible for the coérdinates x and y of a point. 

3. A woman mathematician who married at the age of eighteen in order to 
escape from Russia. 

4. A Greek mathematician who was also a musician and a philosopher. 

5. A mathematician whose name furnishes the title of a well-known poem by 
Robert Browning. 

6. The man who wrote the oldest mathematical textbook still in actual use. 

7. A father and daughter who were both mathematicians of note. 

8. A professor of romance languages who has written an unusually inter- 
esting arithmetic. 

9. The first famous woman mathematician. 

10. A man deflected by a fire from mathematics to architecture as a profes- 
sion. 

11. An English mathematician who knew only two tunes. One of them was 
“God save the Queen” and the other wasn’t, and he recognized the first by the 
fact that people stood up to sing it. 

12. A mathematician who is a fine violinist. 
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13. A mathematician who wrote on geometry, astronomy, and algebra, but 
who is far better known as the author of a single poem. 

14. A brilliant mathematician who at twenty-five gave up the subject for a 
life of religious retirement. 


15. A Scotch mathematician who entered the university at the age of eleven. 


B. Name the authors, all well-known, of the following: 


16. “Let braggarts vow to do and dare 
And right abuses. 
He’d rather sit at home and square 
Hypotenuses.” 

17. “Mathematics is the queen of the sciences, and arithmetic is the queen 
of mathematics.” 

18. “Every one versed in the matter will agree that even the elements of a 
scientific study of nature can be understood only by those who have a knowledge 
of at least the elements of differential and integral calculus.” 

19. “I’m very well acquainted too with matters mathematical, 

I understand equations, both the simple and quadratical. 
About binomial theorem I’m teeming with a lot o’ news; 
With many cheerful facts about the square of the hypotenuse.” 

20. “Yet what are all such gayeties to me 

Whose thoughts are full of indices and surds? 
x? —7x—53=11/3.” 

21. “Two and two will make four if you leave ’em alone ever so. But fifteen 
and twelve don’t make twenty-seven—not of themselves. Not till you do them 
in a sum. Like this.” 

22. “Passages abound in these speeches which to almost any literary taste are 
arresting for the simple beauty of their English, a beauty characteristic of one 
who had learned to reason with Euclid and learned to feel and to speak with the 
same authors of the Bible.” 

23. “If, with the same materials, I can make both God and dragon, of what 
use is higher mathematics?” 

24. “Howe’er it be, it seems to me 

Tis only fair ourselves to please; 
Dry eyes are more than indices.” 
25. “Euclid alone has looked on beauty bare.” 


CLUB REPORTS, 1940-41 
Mathematics Club, Woodrow Wilson Junior College, Chicago 


At the twelve bi-monthly meetings held during the year the following topics were presented 
by faculty members: The abacus, Problems of map making, Zero—-the trouble maker in algebra, 
Moebius surfaces, What is the fourth dimension, Paradoxes of infinity, Proofs new and old for the 
theorem of Pythagoras. Topics discussed by student members included: Measurement of distances 
and sizes of heavenly bodies, Problems of permutation and combination, The decimal vs. the duo- 
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decimal number system, The meaning of the relativity of motion, Codes and ciphers. Officers were: 
President, Earl Clendenon; Vice-President, Morton Zeman; Secretary, Mary MacNamara; Fac- 
ulty Sponsor, Dr. Luise Lange. 


Rho Theta, St. Louis University 


The society held regular monthly meetings throughout the year. At the first meetings of each 
semester new members were formally installed. At one of these, Dr. Regan proposed several prob- 
lems in plane geometry which were worked out by the members and discussed at the next meet- 
ing. Mr. Ed Walters, inactive member of Rho Theta and graduate student gave a talk at another 
meeting on Seismic prospecting and in this discussion emphasized the applications of mathematics 
in this branch of geophysics. The year closed with the annual banquet. Officers were: President, 
Alex Yokubaitis; Vice-President, Harry Brueggemann; Secretary-Treasurer, John McCann; Fac- 
ulty Adviser, Dr. Francis Regan. 


Mathematics Club, Cooper Union Institute of Technology 


The report for the year shows the following topics presented: The slide rule, by W. A. Sher- 
wood; Dimensional analysis, by S. Manson; Higher geometry, by H. Grad; Vector analysis, by 
M. Rubinowitz. The prize for excellence in first year mathematics was a slide rule and was awarded 
to Gerald Weiss. Officers were: President, Samuel Manson; Vice-President, Theodore Gold; 
Secretary-Treasurer, Murray Klamkin; Faculty Adviser, Professor F. H. Miller. 


Pi Mu Epsilon, Michigan State College 


Programs for the year were in all but one case in direct charge of faculty members. This chap- 
ter reports that talks presented by faculty members are more popular and help to maintain interest 
more than do student papers. Subjects discussed at meetings were: Simple topological problems, by 
Dr. G. B. Van Schaack; Demonstration of the slide rule, by Professor J. E. Powell and Mr. J. 
Sheedy; Determination of orbits of comets, by Professor E. T. Welmers; Music and continued 
fractions, by Professor J. M. Barbour of the department of music; Problems in probability, by 
Mr. C. Nordstrom; Descriptive geometry, by Mr. J. Zimmer; Solitaire on a checkerboard, by 
Dr. B. M. Stewart. The only student paper presented was Determination of volumes and surfaces 
of eggs, by Mr. M. Rottenstein. Ope meeting was devoted to the following motion pictures: Plane 
and solid geometry, Frequency curves, and Einstein’s theory of relativity. At the annual banquet 
in January, Professor Ayres of the University of Michigan spoke on Elementary problems of 
topology. Officers were: President, S. P. Schlesinger; Vice-President G. Elaine Van Aken; Secre- 
tary, Ruth L. Winegar; Treasurer, Charles F. Michalski; Faculty Director, Professor Everett T. 
Welmers. 


Mathematics Club, Eastern Illinois State Teachers College 


This club held fourteen meetings during the year. Speakers and their subjects were: Dr. Taylor 
on Observations made in German schools, Dr. Heller on The purpose of the mathematics club, 
D. Trulock on Tests and measurements in mathematics, Orval Rice on Mathematical wrinkles, 
Wilma Bond on Plans for a mathematics field day, Maxine Rennels on Mathematical fallacies, 
W. Bails on Personal experiences in aviation, Jean Fullen on Mathematics in Lewis Carroll's Alice 
in Wonderland, Dr. Taylor on Life of Mark Twain. Officers were: President, Maxine Rennels; Vice- 
President, Orval Rice; Secretary, Wilma Bond; Treasurer, Edwin McKittrick; Faculty Adviser, 
Dr. Heller. 


Pi Mu Epsilon, Ohio State University 


Two meetings of the Ohio Alpha chapter were held during the year. A lecture by Dr. Samuel 
Eilenberg of the University of Michigan was held jointly with the meeting of the graduate mathe- 
matics club. At the annual initiation and banquet, Professor Lester R. Ford of Illinois Institute of 
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Technology spoke on Fractions. Officers were: President, Lawrence Ringenberg; Vice-President, 
Paul Weaver; Secretary, William Scott; Treasurer, John Ault. 


Mathematical Society, Trinity College 


Each year this society tries to have at least one speaker from the alumnae who was a former 
member or a major in mathematics and who is making use of her mathematical training in the 
teaching profession, in business, or in the field of statistical research. This meeting always proves 
to be the most popular on the year’s program. The speaker this year was Miss Rita Buechert of the 
class of 1935 who is head of the statistical research department of the District of Columbia Council 
of Social Agencies. She spoke on Statistical research in the field of sociology and social work. Two 
prizes were awarded during the year, the Sister Marie Cecilia Memorial Prize to the senior main- 
taining an average of over 90 per cent in her major mathematics courses was won by Mary Char- 
lotte Crook and the prize essay contest was won by Elizabeth Mahan for her paper on The problem 
of the apportionment of representatives. Topics discussed included: A geometric interpretation 
of the transformation HAH™~ and some of its algebraic applications, by Sister Thomas; Old age 
assistance and survivors insurance, by Mr. J. Jacques of the Social Security Board; Inversion, by 
Ellen Schofield; The four color problem, by Teresa Karnes; The abacus in China and Japan, by 
Sister Marie Raymond. A gift of $10.00 was given to the department for the purchase of books, 
by the society. Officers were: President, Marie Straukamp; Vice-President, Marie Lee; Secretary, 
Marie Kehoe; Treasurer, Barbara Archibald; Faculty Adviser, Sister Thomas Marie. 


Mathematics Club, Oshkosh State Teachers College 


The program for the year consisted of the following: The fourth dimension, by Paul Haworth 
and a review of the book Flatland, by Sarah J. Richards; Cryptographs and Ciphers, by Ruth 
Savinsky and Why study mathematics, by Roland Hahn; Adapting the mathematics curriculum 
to our era, by Irvin Schudlick; Mathematical pastimes, by Leslie Kornowski; Hypsometer and 
Clinometer, by Henry Grabowski; Alexandria—shrine of mathematics, by Lucille Diedrick. New 
members were welcomed at a meeting at which mathematical games were played and Marian Pohl 
spoke on The mathematics of the suspension bridge. Officers were: President, Leslie Kornowski; 
Vice-President, Irvin Schudlick; Secretary, Sarah Jane Richards; Treasurer, Joan Miller; Historian, 
Ednie Kiddie; Advisers, Dr. M. M. Beenken and Dr. Irene Price. 


Pi Mu Epsilon, Brooklyn College 


The topic studied at the meetings of the second semester was Plucker coérdinates. Professor 
Johnson gave an introductory talk followed by further papers by A. Francis Bausch and Harvey 
Casson. Results of the annual contest sponsored by this chapter for colleges in metropolitan New 
York are as follows: Brooklyn College, first team, 41 pts.; Brooklyn College, second team, 36 pts.; 
Cooper Union, 33 pts.; Queens College, 16 pts.; New York University, 13 pts.; Columbia Univer- 
sity, 13 pts.; Yeshiva College, 7 pts. There were five men on every team and the contest had 15 
time problems. Richard Bellman of Brooklyn College won the individual prize. For the first time 
in the history of the contest, it was won by one school—Brooklyn College, entitling the school to 
retain permanent possession of the plaque which had been awarded annually. Officers were: Direc- 
tor, Professor R. A. Johnson; President, Leonard Greenstone; Secretary, Paul Rosenbluth; Treas- 
urer, Francis Bausch; Librarian, Harvey Casson. 


PROBLEMS AND SOLUTIONS 


EpIteED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 511. Proposed by W. E. Bleick, U. S. Naval Academy, Annapolis 


A whistle, which emits a sound of constant pitch, is attached to a bomb. 
An observer at a fixed point on the ground sees the bomb dropped from rest 
at an initial angular elevation B. Assume that the bomb falls with a constant 
acceleration g and hits the ground ‘at a distance L from the observer. The ob- 
server hears a variable whistle pitch because of the Doppler effect. The apparent 
pitch heard by the observer is a maximum when the component of the bomb’s 
velocity in his direction is a maximum. Find the angular elevation of the bomb 
at the moment when the apparent pitch is a maximum. Show that, when the 
initial angular elevation B is small, the maximum apparent pitch is heard when 
the bomb has lost one-third of its initial altitude. 


E 512. Proposed by V. Thébault, San Sebastién, Spain 
Find the first 2 odd numbers whose sum divides the sum of their fourth pow- 
ers. 


E 513. Proposed by N. A. Court, University of Oklahoma 


A line revolves about a fixed point in such a manner that the segment inter- 
cepted on it by two intersecting planes has its mid-point in a third given plane. 
Show that the locus of the variable line is a cone of the second degree. 


E 514. Proposed by J. A. Bullard, University of Vermont 
Find the sum e* sin (y+kz). 


E 515. Proposed by H. T. R. Aude, Colgate University 


Find all the triangles with integral sides which have one side equal to 16 units 
and the cosine of an adjacent angle equal to —}. 
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SOLUTIONS 


Pythagorean Triads 


E 472 [1941, 337]. Proposed by V. Thébault, San Sebastian, Spain 

Find positive integers x, y, z (less than 100), such that x?+y?=2? and 
X?+ Y2=Z?, where X, Y, Z are derived from x, y, z by inserting an extra digit 
(the same for all) on the left. 

Solution by W. E. Buker, Pittsburgh Public Schools 

If x, y, z<10, we have (10p+x)?+(10p+y)?=(10p+2)? and x?+y?=27. 
Hence x+y+5p=z. But since x+y>2, p would be negative. 

Suppose x, y<10, 2210. Then (106+<x)?+(10p+y)?=(100+2)*. But this 
with x?+y?=z? requires that x+y=10z2+490p. Here again p would be nega- 
tive. 

There remains the possibility that x <<10; y, 2210. Then 


(10p + x)? + (100p + y)? = (100p + 2)? 


and 
(1) p = — y) — 4/5. 


Clearly x, being divisible by 5, must be equal to 5. The only set of Pythagorean 
integers satisfying these requirements is 


x=5,y = 12,2 = 13. 


From (1), p=1. 
Also solved by R. K. Allen, D. H. Browne, M. L. Constable, William 
Douglas, E. P. Starke, and the proposer. 


Reciprocal Planes with respect to a Tetrahedron 


E 473 [1941, 337]. Proposed by N. A. Court, University of Oklahoma 

Two variable transversal planes PQR, P’Q’R’, reciprocal with respect to a 
given tetrahedron DA BC, meet the edges DA, DB, DC in the pairs of points P 
and P’, Q and Q’, Rand R’. Show that the line of centers of the two spheres 
DPQR, DP’Q’R’ passes through a fixed point. (Two transversal planes are said 
to be reciprocal with respect to a tetrahedron if their traces on each edge are 
equidistant from the midpoint of the edge. See the proposer’s Modern Pure Solid 
Geometry, p. 122, art. 354.) 

Solution by Howard Eves, Pittsburgh, Pa. 

Let U, V, W be the midpoints of DA, DB, DC and let U, V, W be the mid- 
points of DU, DV, DW. Let O, O’, S be the centers of the spheres DPQR, 
DP'Q'R’, DUVM. Finally, Let P and P’ be the midpoints of DP and DP’. 
Then, since U is the midpoint of PP’, U is the midpoint of PP’. But the planes 
through P, P’, U perpendicular to DA pass respectively through O, O’, S, 
whence it is clear that the plane through U passes through the midpoint of 
OO’. A similar argument holds for the planes through V and W perpendicular 


= 
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to DB and DC respectively. But the three planes through U, V, W intersect in 
S. Hence S is the midpoint of OO’, and the theorem is proved. 
The corresponding theorem for the plane can be established similarly. (See 
V. Thébault, Mathesis, 1928, p. 231, Question 2442.) 
Also solved by the proposer. 
Iterated Quadratic Surds 


E 474 [1941, 337]. Proposed by Roy MacKay, Eastern New Mexico College 
For k>1, define a,= {k(k—1)} 12, @,= {k(k—-1)+an1} 
= (kb,_1)'/?. Prove that 


lim a, = lim b, = k. 


no 


Solution by Eduardo Gaspar, Rosario, Argentina 

Since the sequences {an} and {bn} are monotonic increasing, they have a 
limit, finite or infinite. We shall show that both sequences are bounded and 
consequently have a finite limit. We observe that 


a, = {k(k — 
If the same inequality holds for a,_1, we have also 
dn = {k(R—1) + =k 
for every n. Similarly, since k>1, we have 
by = 
If the same inequality holds for 6,1, we have also 
bn = 


Thus both sequences are bounded. 
Let us put 


lim @, = lim =a, limb, = lim = 
Then from a,= {k(k—1)+@n_1} /? and 6, =(kbn_1)/? we obtain 
a= {k(k—1) = 
Both equations have the single positive root a=k, b=k. This shows that 
lim a, = lim b, = k. 
Also solved by R. K. Allen, D. H. Browne, E. P. Starke, and the proposer. 


Duplicating the Cube 


E 475 [1941, 337]. Proposed by J. Goodfellow, West Rumney, N. H. 
Let the diameter AB of a circle S meet a perpendicular chord HH’ at O. Take 
points C and D on AB, such that CO=OB and OD=OH. Let G be one of the 
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points of intersection of S with the circle on CD as diameter. Show that we have 
approximately 


3 = AO-OB?. 


How close an approximation does this construction provide for the classical 
problem of “duplicating the cube”? 
Solution by D. H. Browne, Buffalo, N. Y. 
Let OA =a’, OB=OC=0’, so that OD=OH=ab. Draw the perpendicular 
GE from G to AB. Then we have 
EG? = AE-EB = (a? + OE)(b? — OE) 
= CE-ED = (b? + OE)(ab — OE), 


whence 


_ ab? = 2ab3(a + 06? ab3(2a + b) 
a+ 2b (a + 2b)? a+ 2b 


To test the given relation, we have 


( OG? 
AO-OB?/ a\a+2b/' 


For the duplication of the cube we put a=+/2, b=1, and find 
OG* = 17997 


As a/b increases, the error becomes greater. 
Also solved by the proposer. 
Editorial Note. The identity, 


a \a+ 2b a a+2b/’ 
shows that the approximation is very close when a and 0b are nearly equal. For 
the duplication of the cube, the above expression becomes 


1 — — 1)5/4. 
When a/b=9/8, it is 1—0.00012 - - - , so that OG/(AO-OB?) =0.99994 ---. 


Isosceles Right Triangles 


E 476 [1941, 405]. Proposed by A. H. Stone, Graduate College, Princeton 

Show that it is possible to fit together six isosceles right triangles, all of 
different sizes, so as to make a single isosceles right triangle. 

Solution by Michael Goldberg, Washington, D. C. 

The right isosceles triangle A BC is made up of six right isosceles triangles of 
different sizes. (The number in a triangle is the length of a leg.) Incidentally, 
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five of these triangles can be arranged to form a rectangle CDEF; the addition 
of a seventh triangle gives the square A BCG. 


A 


Also solved thus by W. E. Buker, Howard Eves, E. P. Starke, and the pro- 
poser. William Douglas and E. P. Starke give a second solution, in which there 
is a triangle with leg 3 instead of 2/2, while the other five triangles are as before 
(only differently arranged). Eves remarks that it is consequently possible to fit 
together any greater number of different right isosceles triangles to make a single 
right isosceles triangle, and wonders whether 6 is the smallest such number. The 
proposer raises the following more difficult question: Can a right isosceles triangle 
be dissected into a finite number of right isosceles triangles, no two having a 
common side? 


Spheres and Tetrahedron 


E 477 [1941, 405]. Proposed by V. Thébault, San Sebastién, Spain 

Consider four spheres (S;), (Sz), (.S3), (Ss), whose centers are the vertices of 
a tetrahedron 5S,S253S,. Let (G:) be the sphere whose center is the centroid of 
the face S:53S, and which passes through the points of intersection of spheres 
(S2), (Ss), (Ss). Defining (G2) and (G;) similarly, prove that the three spheres 
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(Gi), (G2), (G3) intersect on the radical axis of (.S;), (S2), (.S3). (A similar problem 
for three circles was discussed in Mathesis, 1891, p. 238.) 

Solution by Howard Eves, Allen Academy, Bryan, Texas 

Let (G;), (Gz), (Gs) intersect in P and Q, and let (S;), (Sz), intersect in 
M and N. Invert the entire figure with respect to a sphere with center P. Then 
(S:), (Sz), (S3), (Ss) invert into four spheres (Sj), (Sz), (S3), (Si); and (Gi), 
(G2), (G3) invert into planes (G/ ), (G7), (Gj) through the respective radical axes 
of the triads of spheres 


(Sz), (Ss), (Sd); (Ss), (Sd), (SY); (SE), (ST), (Se). 


Consequently Q’, the intersection of the planes (Gj), (G), (G3), is the radical 
center of the four spheres (Sj), (Sz), (Sz), (Si). Hence Q’, M’, N’ lie on a line 
(L’). This means that Q, M, N must lie on a circle (LZ) through the center of in- 
version P. Since the center of (ZL) lies on both the parallel planes S,S,S3; and 
G,G2G;, it follows that (Z) is actually a straight line, and the theorem is proved. 
The corresponding theorem for three circles can be proved similarly. 
Also solved by Peter Chiarulli and the proposer. 


Successive Differences 


E 478 [1941, 405]. Proposed by D. H. Browne, Buffalo, N. Y. 
Show that the successive differences of ath powers (in the notation 
Ar*=(r+1)*—?r*) satisfy the relation 


(— = 0, 


n=0 


Solution by N. E. Sheppard, University of Toronto 
For any sequence 7%, we have 


a Aetl 

( ) Uy re 
(1 + Act) Ey 
= (1 + u9 


= Uy + 


Uy 


If u is a polynomial of degree a, A*+'u,=0. In the present case u, = k*; therefore 
uo=0, and the desired relation is established. 
Also solved by Howard Eves, Solomon Kullback, and E. P. Starke. 


Locus Problem 


E 479 [1941, 405]. Proposed by Daniel Arany, Budapest, Hungary 

In the plane of a given triangle ABC, find the locus of a point from which 
the sides BC and CA subtend equal angles. 

Bibliographical Note by N. A. Court, University of Oklahoma 

This problem is neither as innocent nor as new as it looks. It was first formu- 
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lated by J. Steiner for two segments having no common end, and for two equal 
or supplementary angles. Steiner states (without proof) that the locus consists 
of two circular cubics, in the Journal fiir die reine und angewandte Mathematik, 
vol. 45, 1853, p. 375. It was further discussed by P. H. Schoute in the same 
journal, vol. 99, 1886, p. 98. G. de Longchamps solved the problem in the 
Journal de Mathématiques Spéciales, series 2, vol. 5, 1886, p. 39, and considered 
the special case when the two segments are collinear in Journal de Mathématiques 
Elémentaires, series 2, vol. 5, 1886, p. 16. 

The question was proposed in Nouvelles Annales de Mathématiques, series 3, 
vol. 3, 1884, p. 351, and was solved some thirty years later by H. Brocard in 
the same journal, series 4, vol. 15, 1915, p. 138. In the same volume F. G. 
Teixeira contributed a special article on this locus (p. 362). Many other illus- 
trious names, such as Chasles and Salmon, may be mentioned in this connection. 
Finally, the problem was solved both analytically and synthetically in this 
MONTRLY, vol. 22, 1915, pp. 20-22. 

For the usual meaning of “subtend,” the locus consists of part of a strophoid 
through A and B, with its double point at C, together with the external segment 
AB. 

Also solved by Paul Brock, W. B. Clarke, L. M. Kelly, and the proposer. 


Construction of a Pentagon 


E 480 [1941, 405]. Proposed by D. E. Lynch, Jr., Brooklyn, N. Y. 

Construct a pentagon whose sides and diagonals are all commensurable. (For 
definiteness, suppose there are four equal sides, and three equal diagonals.) 

Solution by E. P. Starke, Rutgers University 

Put together side by side three congruent isosceles triangles, whose sides are 
a, a, d, with a\/2 <d<2a, to form a pentagon PQRST such that PQ=QR=RS 
= ST =a, PR=QS=RT =d. Let b be the length of the fifth side PT, and let c 
be that of each remaining diagonal, 7Q2=SP. Note that PS and RS are respec- 
tively parallel to RQ and TQ. Let XRPQ= XRTQ= 
We have at once cos @=d/2a. Since 


TRP = SRO — 20 = — 20) — 20, 
we find, in the isosceles triangle RTP, 
b = 2d cos 20 = 2d(2 cos? 6 — 1) = d(d? — 2a*)/a?. 
In the triangle 7 RQ, with sides a, d, c and respective angles 0, 20, r —36, we have 
c = asin 36/sin 6 = a(4 cos? 6 — 1) = (d? — a?)/a. 


Thus it is only necessary that a and d be commensurable in order that all the 
lines be commensurable as required. The condition a\/2 <d <2a corresponds to 
im >6>0, and provides that the pentagon be convex. 

Also solved by the proposer, who finds a nearly-regular pentagon with inte- 
gral sides and diagonals by taking a=125, d=200. 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are es- 
pecially sought. The editorial work would be greatly facilitated, if, on sending in prob- 
lems, proposers would also enclose any solutions or information that will assist the editors 
in checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4027. Proposed by Morgan Ward, California Institute of Technology 


In the projective plane P, a triangle with sides A, B, C and vertices D, E, F 
is the only linear configuration forming a Boolean algebra of order eight with 
respect to the operations of union and cross-cut. Here the union of A and B 
is P, the cross-cut of E and D is the null space Z, and so on. In a three dimen- 
sional space P, two types of Boolean algebra of order eight are possible; (i) the 
configuration of three planes A, B, C through a point Z meeting in three lines 
D, E, F; and (ii) the configuration of two planes A and B through a line D and 
a line C skew to D meeting A and B in points E and F. Here Z again is the null 
space. 

Show that in a projective space of m dimensions, the total number of distinct 
types of linear configuration forming a Boolean algebra of order eight is asymp- 
totically equal to */3!3!. Also show that the corresponding number for a 
Boolean algebra of order 2’ is asymptotically equal to n’/r!r!. 


4028. Proposed by P. D. Thomas, Norman, Okla. 


Find the equation of a family of surfaces, each surface satisfying (OP)? 
=(0Q)?, where O is the origin, P is any point on the surface, and Q is the point 
in which the normal to the surface at P meets the xy-plane. 

Find the envelope of the family. 


4029. Proposed by H. L. Dorwart, Washington and Jefferson College 


Let di, d2, ds, d, be the distances in order from the sides of a square of length 
k units to any interior point P. Then 


(Vdide + Vdsds)/k and Vdeds)/k 


represent the sines and cosines of two angles 6; and @2, since the sum of the 
squares of these expressions equals 


(did2 + d3d4 + did, + dod3)/k?* (dy + d3)(de + d4)/k? = 1. 


Give a geometric interpretation for the angles 6; and 42. 
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4030. Proposed by V. Thébault, San Sebastién, Spain 


The resultant of the nine forces represented by the distances to the sides of 
a triangle ABC from the centers of the equilateral triangles constructed ex- 
teriorly (or interiorly) on its sides is represented in magnitude and direction by 
the vector GG’ (or —GG’) equipollent to the vector OH’ (or —OH’), where 
G, O, H’ are the centroid of ABC, the circumcenter of A BC, and the orthocenter 
of the orthic triangle (that is, the triangle with vertices at the feet of the altitudes 
of ABC). 
SOLUTIONS 
The A, Lines 
3968 [1940, 574]. Proposed by Frank Ayres, Jr., Dickinson College 
Let the line through the vertex A;, (¢=1, 2, 3), and parallel to the opposite 
side of the triangle A,A2A3 meet the circumcircle in the point D;. Show that: 
(1) The Ag lines [3929, 1939, 601] of the pairs of points A,, D, intersect on the 
nine-point circle of A142A3 midway between A; and the orthocenter of the given 
triangle. (2) The A: lines of D; intersect in the symmetrics of A1, A2, Az as to the 
nine-point center. 
Solution by J. W. Clawson, Ursinus College 
The equation of the A, line of any point T on the circumcircle is 


thylels 2 1 
th tts + ttite + ttets + this 


Hence, the A, lines of A; or ¢; and of D; or t;t,/t; are, respectively, 


tit jt 2 


bly + tity + 1, + byt (t; + + t,). 

(1) The midpoint of A; or t; and H or titt+ts is (2t;+t;+t)/2. This satis- 
fies both of these equations. 

(2) The symmetric of A; or ¢; with respect to the nine-point center or 
(itt+t3)/2 is t;-+¢,. This satisfies the equations of the A: lines of D; and D,. 

Solved also in a similar manner by E. F. Allen and the proposer. 


Editorial Note. The theorem of the problem can be extended to space of n 
dimensions after defining the (n—1)-dimensional plane A». Let S be an ortho- 
centric simplex with the vertices A;, 1Si<n+1, with the orthocenter at H, 
the centroid at G, and the circumsphere (C) with its center at C and radius of 
length R. Let also the sphere (C’) have its center at C’ on HC so that HC’ =HC/n 
and its radius R/n; and we now define the (7—1)-dimensional planes A, and A; 
corresponding to a given point JT on (C) in the following: 


THEOREM. A straight line HB; through H parallel to the straight line TA; inter- 
sects the plane of the face 7; opposite to A; in the point B;. The n+1 points B; lie 
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in a plane As. The plane through H perpendicular to TA; intersects the plane of 
face m; in the (n—2)-dimensional space a;. The n+1 intersections a; lie in a plane 
A,. The planes A, and Ag are tangent to a quadric surface of revolution { C'} with 
foci H, H' and center C’, and {C’} is tangent also to the n+1 faces 7;. The sphere 
(C’) is the auxtliary sphere for the focal axis. 


We take H as the origin of vectors a; to the vertices A;. The vectors of C, 
G, C’ are denoted by ¢, g, ¢/n; see the Editorial Note on 3963 [1942, 132]. The 
points H/ and G are centers of similitude for (C) and (C’), so that if TG is pro- 
duced to P, where GP =TG/n, the point P lies on (C’). Let A; be the point on 
HA; so that HA;=HA,/n; then 4; lies on (C’). If A;G is produced to G; so 
that GG;=A,G/n, then G; lies on (C;) and it is the centroid of the face 7;; and, 
if we denote by g; the vector of G;, then a;+”g;=2c. Thus PG; is parallel to 
TA; and its length is 7A ;/n. Denote the vectors of T, P by y, z; then y+nz= 2c. 
Since A,G; is a diameter of (C’), PA; is perpendicular to PG; and also to TA; 
and HB;. We shall suppose at first that H does not fall upon a vertex so that m 
is not zero, m=a;*a;, 1~j. Thus the vector for 6; satisfies the equation 


(1) (2 — = 0; 

and since §; lies in 7;, its vectors satisfies also the equation 
(2) mi: = m. 

Hence, the vector for 6; satisfies the equation 

(3) Ae: : nz°x — m = 0. 


This proves that the +1 points 8; lie in a plane perpendicular to HP. The 
vector mz is the vector of a point P, on (C); and (3) shows that A, is the polar 
plane of P, with respect to the polar sphere (#2). 

The equation of the plane through H perpendicular to TA; or to PG;,is 


nN 


Hence, the points of intersection of this plane and 7; satisfy both (2) and (4); 
and, therefore, the equation of the locus of these points of intersection is 


(5) Ay: (2c — nz)*x — m= 0. 


If P? is the point with the vector 2c—mz, the midpoint of P,P? has the vector 
c, and thus this midpoint is C. Hence P/ lies also on (C). From (5) we see that 
A, is the polar plane of P/. The polar of A; is the plane of 7; with the equation 
(2). The polar of (C) is a quadric surface of revolution {c’} with one focus at 
H and tangent to the +1 planes 7; and to the planes A; and Ay». The inverse 
of (C) is (C’), and hence (C’) and ier} are tangent at two points on HC. This 
shows that (C’) and { c’} have the same center C’, and that the other focus H' 
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must have the vector 2c/n. Also, the points H, H’ must be isogonal conjugates 
with respect to S. 

If m=0, the orthocenter H must fall upon a vertex, say An 4:1; and then for 
t=n+1 the equation (1) becomes z*x=0, and it will be seen that we do not 
need the equation of 7,4;. For other values of 7 the equations (1), (2), (3) are 
the above with m=0. Also, for i=n-+1 the equation (4) becomes the one in 
(5) after setting m=0; hence, the equations for A, and A; are given by (3) and 
(5) with m=0. In this case, the foci 7 and H’ lie on (C’) and {c’} and the latter 
surface degenerates to these two points; also, G,,:=H’. This suffices for m=0. 

We now consider the extended theorem of the problem. The sphere (C) cuts 
the plane through A; parallel to the opposite face 7; in an (m—2)-dimensional 
sphere. Let 7;, D; be points at the ends of a diameter of this latter sphere with 
vectors y;, Yai. Then to 7;, D; there correspond P;, Pa; at ends of a diameter of 
the intersection of (C’) and 7;; in particular, two such points are G;, H7;, where 
H; is the foot of the altitude from A;. Let the vectors of P;, Pa; be z;, Zai; then 
we have 

2c— a; ma; 
+ Za = ——— 


n a? 


where a,;*Z;=m, a;*Za;=m. The Ag plane for 7;, or P;, has the equation 
Ao(P;): nZ;°xX — m = 0, or NZ,°X — Z;°a; = 0. 

Hence A;(P;) passes through A; with the vector a,/n for all such points P;, or 
T;. This is part (1) of the problem. For part (2) we take the special case where 


T;=A;, P:=G;, Pai=H;, which is the case of the problem for n=2; and we 
now consider m0. We now have 


ma; 2 
Ao(H;): nf m= 0, or ma;°x — a; = 0. 
a; 

The symmetric of A; with respect to C’ has the vector 2¢/n—a,;, and we shall 
show that A;(H;) passes through this symmetric. We have 


2c 2 2 
— a; = — nm — aj = nm — nm=0, 
n 
Hence, if j is fixed, A(77;), i#j, passes through the symmetric of A ;. This com- 
pletes part (2). 
Associated Triangles 

3969 [1940, 574]. Proposed by Frank Ayres, Jr., Dickinson College 

Let the line through the vertex A; (¢=1, 2, 3), and parallel to the opposite 
side of the triangle A:42A3 meet the circumcircle in the point D;. Show that: 
(1) The orthocenter of D,D2D; lies on the join of the circumcenter and isogonal 
conjugate point of the nine-point center of A:A2A3. (2) The join of the ortho- 
centers of D,D,D; and AiA:2A; is the image line of the Steiner point of the 
latter triangle. 
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Solution by A. M. Peiser, Ithaca, N. Y. 
Let the vertices of the triangle be ¢;, ({=1, 2, 3). The line through ¢; parallel 
to side fet; is given by 


lols tots 


and setting y=1/x, we find the second intersection with the unit circle to be 
tot3/ti. This is the point D,. Similarly, Dz and D3 are tyt3/te and tyte/ts, respec- 
tively. 

The orthocenter of a triangle whose vertices are turns is the sum of the 
turns. Hence, if we let the orthocenter of D,D2,D; be H, and its conjugate be 
we have 


tots tyts tytotg Ss 


where the S’s are the symmetric functions of the ¢’s. Hence H = (S3—2.,S3)/S3. 
The line joining H to the circumcenter of fitets is (S?—2S2)x = (S3—25,S3)y. 
The isogonal conjugate of a point a is (@a—S,+4S_,—4°?S;)/(aa—1). Hence the 
isogonal conjugate of S;/2, the nine-point center, is 
And it can readily be shown that this value, together with its conjugate, satis- 
fies the equation of the line OH. Hence, as was to be shown, the three required 
points are collinear. 

The image line of any point on the unit circle is given by T7x—S3y = TS; —S2 
(Musselman, this MoNnTHLY, vol. 45, 1938, p. 426). For the Steiner point, the 
line of images is 


~ 3S:)x — ~ = SAS, 35:3) 358d. 


And by direct substitution, it can be shown that both S; and 7/ lie on this line 
of images, S; being the orthocenter of triangle f:fet3, and H being the orthocenter 
of triangle D,;D.D3, as was to be shown. 

Solved also in a similar manner by J. W. Clawson and the proposer. 


Desmic Systems 


3972 [1940, 662]. Proposed by N. A. Court, University of Oklahoma 

With the traces of a plane on the edges of a tetrahedron as centers, spheres 
are drawn orthogonal to the circumsphere of the tetrahedron. Show that the 
twelve points of intersection of the six spheres with the respective edges form a 
desmic system. 

Solution by the Proposer 

Let Xo, Yo, Zo, Uo, Vo, Wo be the traces of a plane = on the edges BC, CA, 
AB, DA, DB, DC of the tetrahedron DABC. The six spheres (Xo), - - -, (Wo) 
having these points for centers and orthogonal to the circumsphere (O) of DA BC 
form a coaxal net (NV) (see Court, Modern Pure Solid Geometry, p. 191, art. 602 f.) 


x ty 1 
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whose conjugate pencil (P) is determined by the sphere (O) and & as radial 
plane. 

Let (R) be any sphere of (P), and (A), (B), (C), (D) the spheres with A, B, 
C, D as centers and orthogonal to (R). The three spheres (B), (C), (Xo) are 
orthogonal to (R), and their centers are collinear; hence these spheres are coaxal. 
Now (Xo) being orthogonal to (O), its points of intersection X, X’ with the 
edge BC are harmonically separated by the vertices B, C; hence (Xo) is the 
sphere of similitude of the spheres (B), (C) (tbid., p. 186, art. 591). 

Thus pairs of points X, X’; Y, Y’;--- ; W, W’ are the centers of similitude 
of the four spheres (A), (B), (C), (D) taken in pairs; hence the proposition (ibid., 
p. 240, art. 736). 


Rectangle Inscribed in Circle 


3897 [1938, 696]. Corrected. Proposed by V. Thébault, San Sebastién, Spain 

Let ABCD be a rectangle inscribed in a circle with center O, and P a point 
on the equilateral hyperbola circumscribing ABCD. The straight lines PA, PB, 
PC, PD cut the circle again in A’, B’, C’, D’. The perpendiculars from P to the 
sides of the quadrilateral A’B’C’D’ cut A’B’ in A’’, B’C’ in B”’, ete. 

(1’’) The diagonals A’’C’’ and B’’D” are perpendicular and intersect in a 
point Q on the straight line OP. (2’’) The ratio of the lengths of these diagonals 
is the same as the ratio of the sides of the rectangle. (3’’) The quadrilateral 
A’’B"'C''D"’ is inscribed in a circle and circumscribes a conic with foci P and Q. 
(4’’) The Newton line for A’B’C’D’ passes through P and is perpendicular to 
the Newton line for A’’B’’C’’D”. 

Solution by R. Bouvaist, France 

Rectangular axes of coérdinates Px and Py are chosen with P as origin paral- 
lel to the sides CD and DA of the rectangle. The projections of P on the sides 
DA, BC, AB, CD are denoted respectively by P:, P2, P3, Ps; and we set PP, =a, 
PP,=—a’', PP;=b, PP,=—b’, so that we have as the codrdinates of the ver- 
tices of ABCD 


A(a, 6), B(— a’, 6), C(— a’, — 8’), D(a, — 8’). 
Since P is on the equilateral hyperbola {ABCD} we must have 
(1) aa’ = bb’. 


Let A:, Bi, Ci, D, be the vertices of the antipedal quadrilateral of ABCD with 
respect to P, where the projection of P on D,A, is A, of P on A,B; is B, etc. Then 
by the use of (1) we find the coérdinates 


A,la—a’,b+0'], Cila—a’, (6+ 0], 


2) + a’, b — 


Let P’ be the symmetric of P with respect to O; then the diagonals AiC, and 


= 
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B,D, are perpendicular, intersecting in P’, and are parallel respectively to BC 
and CD. The quadrilateral A;B,C,D, is inscribed in the circle with P as center 
and radius p = (a?+a’?+62+6’2)!/2, 

(1’’) The quadrilateral A’’B’’C’’D”’ is the inverse with respect to P of the 
quadrilateral A;B,C,D,, the power of inversion being the power of P with respect 
to the circle (0) =(ABCD), or K?= —2aa’ = —2bb’. These two quadrilaterals 
are homothetic with respect to P. For, we have 


PA,-PA" = PB,- PB" = PC,:PC" = PD,- PD" = K?; 
and from this follows that 
PA" PC" Pp” 2aa’ 


(3) 


The diagonals A’’C’’, B’’D”’ are parallel to Px, Py and intersect in a point Q, 

the homothetic of P’ in the above homothetic relation. 
(2’’) We have 

= 2K%(b + = 2K*(a BA a’) 

p? 


p? 


and from this it follows that 
6+ 0’ BC 
B'D" a+a’ AB 


(3’’) The quadrilateral A,B,C,D, circumscribes the conic with the foci P and 
P’, and with the circle (O) as the auxiliary circle for the focal axis. The quad- 
rilateral A’’B’’C’’D’’, which is homothetic to A,:B,C,D, with respect to P, there- 
fore circumscribes the homothetic conic with foci P and Q and is inscribed in 
the circle homothetic to (O). 

(4’’) We find for the coérdinates of the vertices 


Ka’ 
A’ ’ ), B’| — ), 
a? b2 aq? qa’? b2 qa’? 


K2a 
a’? + a’? + a? + a? + 


The Newton line for this quadrilateral has the equation (a—a’)x = (b—b’)y. It is 
then easily seen that this line is perpendicular to the Newton line for A1;BiC,D,, 
and to its homothetic, the Newton line for A’’B’’C’’D”’. 

Remarks. If P is assumed to be any point in the plane of ABCD, the circles 
(PA,C,), (PB,D;) are always orthogonal, and consequently the diagonals A’’C’’ 
and B’’D”’ are perpendicular. For, take for axes the parallels to the sides of the 
rectangle drawn through P’; and set P’Ai=6, P’D,=a, P’B,=a"'. 


PA, PB, PC, PD, (PA;)? p? 
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Let x1, v1 be the coérdinates of P. The conic with foci P, P’ and having circle (O) 
for the focal auxiliary circle is inscribed in A;B,C,D,, and its tangential equation 
is 


K*(u? + 0?) — W(ux, + vy: + W) = 0. 


From this results the relations 


aa’ a a@ K? 
We then find the following equations 
(PB\D,): x? + y?+ — py + aa’ = 0, 
x? + px + + Bp’ = 0. 


The two circles are orthogonal if 


x; + + Aaa! + = 0, 


K? K 
or 
BB’ xa’ 


Since these circles pass through P(x, yi), we have 


yi BB 


and we then have 
BB 
by use of an equation above. 

We can also state the following propeity: Given a circular cubic passing 
through its singular focus (locus of the foci of the conics of a tangential pencil) 
and two conjugate points P and P’ of that curve (foci of a conic of the pencil), 
if through P’ we draw two perpendicular chords, cutting the cubic again in A, 
and B, and D,, respectively, the circles (PAiC,), (PB,D,) are orthogonal. 


Be’ 
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NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news 
items to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


This department seeks information as to institutions and persons who are now giving or 
who plan to give Engineering, Science and Management Defense Training courses during 
the coming summer. Please send any such information to the editor of News and Notices. 


Brown University is continuing during the summer (June 15—August 29) 
and the next academic year the program of advanced instruction and research 
in mechanics already in operation for a year. In the summer 80 participants 
will be accepted (of which 20 will be engaged entirely in research) and 40 in 
the academic year. Since this program is supported by the United States Office 
of Education, the Carnegie Corporation of New York, and the Rockefeller 
Foundation, no fees will be charged. 

For the Summer the following courses will be given: By Professor Brillouin: 
Introduction to partial differential equations, Advanced dynamics. By Pro- 
fessor Prager: Geometrical foundations of mechanics, Plasticity, Special topics 
in research. By Dr. Bergman: Theory of flight, Review of special topics in pure 
mathematics, Fluid dynamics, Special topics in research. By Professor Sokol- 
nikoff: Elasticity, Advanced elasticity, Special topics in research. By Professors 
Tamarkin and Feller: Differential and integral equations of physics. By Dr. 
Schelkunoff: Electromagnetic waves. By Professor von Mises: Advanced fluid 
dynamics. 

For the next academic year eight courses are scheduled. Several substantial 
fellowships are available for highly qualified participants. 


Dr. Walter Bartky, associate dean, Division of Physical Sciences at the Uni- 
versity of Chicago, has been advanced from associate professor of astronomy to 
professor of applied mathematics. 


Dr. E. G. Begle and Dr. E. R. Kolchin have been awarded National Re- 
search Fellowships for 1941-1942. They are studying at the University of Michi- 
gan and the Institute for Advanced Study, respectively. 


Assistant Professor P. O. Bell, on leave from the University of Kansas, has 
an instructorship at Princeton University. 


Assistant Professor A. C. Berry of Columbia University has been appointed 
to an associate professorship at Lawrence College. 


Assistant Professor E. A. Cameron of the University of North Carolina has 
been promoted to an associate professorship. 


Dr. C. E. Clark of Purdue University has been promoted to an assistant 
professorship. 
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Dr. Max Coral of Wayne University has been promoted to an assistant pro- 
fessorship. 


Paul Eberhart of Washburn Municipal University of Topeka, Kansas, has 
been promoted to an assistant professorship. 


Assistant Professor E. A. Hazlewood of Texas Technological College has 
been promoted to an associate professorship. 


Professor Einar Hille of Yale University is on leave of absence and is at 
Stanford University. 


Professor W. A. Hurwitz has been granted a sabbatical leave of absence for 
the second semester of the year 1941-42. 


Professor W. R. Hutcherson of Berea College, on leave of absence, is spend- 
ing the second semester at Brown University. 


Assistant Professor S. C. Kleene of the University of Wisconsin has been 
appointed to an associate professorship at Amherst College. 


G. R. Kraus of Cathedral College has been made head of the department at 
Gannon School of Arts and Science, Erie, Pennsylvania. 


Dr. Roy MacKay of Eastern New Mexico College has been appointed an 
associate professor at New Mexico State College of A. and M. A. 


Dr. R. J. Michel of the University of Missouri has been appointed to a pro- 
fessorship at Southeast Missouri State Teachers College. 


Dr. F. W. Owens, professor of mathematics and head of the department at 
Pennsylvania State College is on leave of absence during the second semester 
of 1941-42. 


Dr. E. S. Quade of the University of Florida has been promoted to an as- 
sistant professorship. 


Dr. A. C. Schaeffer of Stanford University has been promoted to an assistant 
professorship. 


Professor Mary Emily Sinclair of Oberlin College, while on leave for the sec- 
ond semester, is studying at Columbia University. 


C. E. Stevens of Hofstra College has been promoted to an assistant profes- 
sorship. 


Dr. John Williamson of Johns Hopkins University is on leave of absence for 
a year and has been appointed to an associate professorship at Queens College. 


The following appointments to instructorships have been announced: 
University of California, Berkeley: R. W. Shepard 

University of California, Davis: Charles Bubb 

Case School of Applied Science: Dr. E. L. Crow, Dr. P. E. Guenther 
University of Colorado: George Ulrich 
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Compton Junior College: A. E. Marston 

Cornell University: Dr. C. E. Rhodes; Part-time: Charles Hatfield, Jr. 

University of Florida: R. D. Specht 

Harvard University: Dr. Irving Kaplansky, Dr. C. E. Rickart 

University of lowa: Dr. W. D. Berg 

Johns Hopkins University: Dr. L. I. Wade 

University of Kansas: Dr. R. S. Pate 

University of Maryland: E. N. Nilson 

Massachusetts Institute of Technology: Dr. O. G. Owens 

Michigan State Normal College: Dr. Edith R. Schneckenburger 

University of Michigan: Dr.'Charles Thorne 

North Carolina State College: Dr. R. L. Anderson 

Northwestern University: Dr. J. W. Givens 

Pennsylvania State College: R. P. Bentz, Dr. W. J. Harrington 

Princeton University: Dr. Warren Ambrose 

Santa Barbara State College: Dr. S. E. Rauch 

Smith College: Dr. Jeanne S. LeCaine 

Stanford University: Dr. G. E. Forsythe 

U. S. Naval Academy: Dr. Byron Cosby, Jr., C. B. Lindquist, Dr. A. W. 
McGaughey, Dr. H. T. Muhly, Dr. Seymour Sherman 

Vassar College: Alexandra I. Forsythe 

Wayne University: Morris Friedman 

Wellesley College: Katharine E. Hazard 

University of Wisconsin: Dr. R. E. Johnson 


Professor C. S. Atchison, head of the department of mathematics at Wash- 
ington and Jefferson College since 1912, died November 21, 1941. He was a 
charter member of the Mathematical Association. 


Dr. W. V. N. Garretson, professor of mathematics at the Oklahoma A. and 
M. College since 1929, died January 17, 1942, at the age of sixty-five. He was 
a charter member of the Mathematical Association. 


THE LETTER OF ADMIRAL NIMITZ 


“When secondary schools eliminate not only trigonometry but also algebra 
and geometry from their programs, and then most of the reasoning problems of 
arithmetic, since pupils say they are too difficult, and offer as substitutes gen- 
eral mathematics in the ninth grade, social mathematics in the tenth grade, and 
review of arithmetic in the eleventh or twelfth grade as the total mathematical 
program of the school, where along the educational ladder are pupils to obtain 
experience in reasoning and in practice in solving progressively more difficult 
mathematical problems? Where in the course of the four years are youth to find 
mathematical problems which will extend their intellectual horizons and stretch 
their mental muscles?” 
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The preceding queries from a leaflet issued by the University of Michigan 
were Called forth by a letter written last November by Admiral C. W. Nimitz, 
at that time Chief of the Bureau of Navigation of the United States Navy. In 
late October he had visited the University of Michigan. The letter was in ampli- 
fication of remarks made during the visit and was written in response to a letter 
from Professor Bredvold. 

In December Admiral Nimitz was made Commander in Chief of the Pacific 
Fleet. 

It has been the wish of many that this exchange of letters be printed in the 
MontTRLy. It is hoped that the members of the Association will bring the facts 
and figures cited by Admiral Nimitz to the attention of school boards and other 
school authorities to the end that there may be some improvement in the de- 
plorable conditions of which he writes. 

The letters follow: 


Captain F. U. Lake October 30, 1941 
Head of the Training Division 

Bureau of Navigation, Washington, D. C. 

My dear Capital Lake: 


When Admiral Nimitz visited the campus of the University of Michigan the other day, he 
mentioned that there had been some difficulty in finding students in American colleges other than 
engineering who were sufficiently prepared in mathematics to make them available for training for 
commissions in the Navy. This situation ought to be called to the attention of educators in colleges 
and secondary schools throughout the country. I should deeply appreciate receiving a statement 
from you on this matter, especially if you could give me such facts and figures as would constitute 
a self-evident argument. I hope also that it will not be necessary to set any restrictions on the use 
of such information. It seems to me that educators should promptly recognize the danger, if there 
is any, from our past softening of our educational programs. 

Very truly yours, 

Louts I. BREDVOLD 

Member of the University Advisory 
Committee on Military Affairs 


November 12, 1941 
My dear Professor Bredvold: 

Thank you for your letter of October 30. While we have not felt that it was our business to 
compile exhaustive data on our observations of the products of the educational systems of this 
country, we are in a position to give you some information on this subject. 

A carefully prepared selective examination was given to 4,200 entering freshmen at 27 of the 
leading universities and colleges of the United States. Sixty-eight per cent of the men taking this 
examination were unable to pass the arithmetical reasoning test. Sixty-two per cent failed the whole 
test, which included also arithmetical combinations, vocabulary, and spatial relations. The ma- 
jority of failures were not merely borderline, but were far below passing grade. Of the 4,200 entering 
freshmen who wished to enter the Naval Reserve Officers’ Training Corps, only 10% had already 
taken elementary trigonometry in the high schools from which they had graduated. Only 23% of 
the 4,200 had taken more than one and a half years of mathematics in high school. 

This same lack of fundamental education presented and continues to present a major obstacle 
in the selection and training of midshipmen for commissioning as ensigns, V-7. Of 8,000 applicants 
—all college graduates—some 3,000 had to be rejected because they had had no mathematics or 
insufficient mathematics at college nor had they ever taken plane trigonometry. Almost 40% of 
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the college graduates applying for commissioning had not in the course of their education taken this 
essential mathematics course. 

The experience which the Navy has had in attempting to teach navigation in the Naval Re- 
serve Officers’ Training Corps Units and in the Naval Reserve Midshipmen Training Program 
(V-7) indicates that 75% of the failures in the study of navigation must be attributed to the lack 
of adequate knowledge of mathematics. Since mathematics is also necessary in fire control and in 
many other vital branches of the naval officer’s profession, it can readily be understood that a 
candidate for training for a commission in the Naval Reserve cannot be regarded as good material 
unless he has taken sufficient mathematics. 

The Navy depends for its efficiency upon trained men. The men are trained at schools con- 
ducted for this purpose and the admission of men to these schools is based upon the meeting of 
certain carefully established requirements. However, in order to enroll the necessary number of 
men in the training schools, it was found neccessary at one of the training stations to lower the stand- 
ards in 50% of the admissions. This necessity is attributed to a deficiency in the early educations 
of the men involved. The requirements had to be lowered in the field of arithmetical attainment. 
Relative to the results obtained in the General Classification Test, the lowest category of achieve- 
ment was in arithmetic. 

A study has been made of the grades received in the examinations of candidates for enlistment 
in the Navy, classified geographically according to the location of the recruiting station through 
which the candidates applied for enlistment. It is to be noted that the proficiency in arithmetic 
in the eastern part of the country was strikingly greater than that of the middle west and west. 
The lowest average mark east of the Mississippi was equal to the highest average mark west of the 
Mississippi. The three highest average attainments in arithmetic were achieved by the recruting 
stations in Troy, Brooklyn, and Buffalo—all in New York State. 

May I express the hope that this information will be of assistance to you. 

Sincerely yours, 
C. W. 
Chief of Bureau, 


(Signed) F. U. LAKE, 
By direction. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Association, with dates of future meetings so far as 
they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLtiNo!s, Decatur, May 8-9, 1942 

InDIANA, Crawfordsville, May 1-2, 1942 

Iowa, Mt. Pleasant, April 17-18, 1942 

Kansas, Hays, March 27-28, 1942 

KENTUuCcKY, Lexington, April 11, 1942 

Jackson, Miss., 
March 6-7, 1942 

MARYLAND-DIsTRICT OF COLUMBIA-VIR- 
cintA, Ashland, Va., May 2, 1942 

METROPOLITAN NEw York, New York, 
April 18, 1942 

MICHIGAN 

Minnesota, Northfield, May 9, 1942 

Missourt, Kansas City, April 17, 1942 

NEBRASKA, Omaha, May 9, 1942 


NORTHERN CALIFORNIA, San Francisco, 
Jan. 30, 1943 

Ouro, Columbus, April 2, 1942 

OKLAHOMA, Oklahoma City 

PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocky Mountain, Golden, Colo., April 
17-18, 1942 

SOUTHEASTERN, Emory University, Ga., 
March 26-27, 1942 

SOUTHERN CALIFORNIA, Los Angeles, 
March 14, 1942 

SOUTHWESTERN, State College, N. M., 
April 27-28, 1942 

Texas, Lubbock, April 3-4, 1942 

Upper NEw York Strate, Rochester, May 
2, 1942 

Wisconsin, Oshkosh, May 2, 1942 


Basic Books in technical defense 
GRANVILLE - SMITH - LONGLEY 


Elements of the Differential and 
Integral Calculus, Revised 


A standard text distinctive for its clearness. Used at West Point. $3.75 


WOODS - BAILEY 
Analytic Geometry and Calculus 


A thorough course which combines the calculus with analytic geometry of two 
and three dimensions. $4.25 


GINN 
AND 
COM 
PANY 


BOSTON NEW YORK DALLAS COLUMBUS 


CHICAGO ATLANTA SAN FRANCISCO 


Announcing 
Nelson, Folley, and Borgman’s 


CALCULUS 


e A Concise, PRACTICAL TEXT FoR A First CoursE @ 


Distinguished by: 
Early introduction of integration of powers and polynomials, including ap- 
plications to geometry and physics. 


Carefully selected problems, well introduced by illustrative examples. 


Accurate statement of fundamental principles and theorems, often accom- 


panied by supplementary working rules, 
Ready this spring 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta SanFrancisco Dallas London 
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INTERMEDIATE ALGEBRA 


HENRY L. RIETZ 
UNIVERSITY OF 


ARTHUR R. CRATHORNE 
UNIVERSITY OF ILLINOIS 


LOVINCY J. ADAMS 
SANTA MONICA JUNIOR COLLEGE 


A one-semester text in algebra for students who have had only one year 
of high school study in the subject; a thoroughly workable book whose 
clear, sound presentation and practical, graded problems should attain 
excellent results. 


248 pages. $1.75 


May. 


BASIC COLLEGE MATHEMATICS 


C. W. MUNSHOWER and J. F. WARDWELL 
COLGATE UNIVERSITY 


A text for the introductory course in college mathematics, carefully 
coordinated throughout by the use of the function concept. Treats 
traditional algebra, trigonometry, analytics and the elements of calculus. 
The important ideas of simple calculus (including differential equations) 
are introduced early and used throughout. Many of the numerous prob- 
lems have been selected from the fields of physical and social science 
and a wealth of illustrative examples is integrated with the text ma- 
terial. New Tables. 


Approximately 600 pages. Probably $3.00 


Holt 25/7 Fourth Avenue Now York 


THE CARUS MONOGRAPHS 


No. 1. Calculus of Variations, by Proressor G, A. Buss. (First Impression, 1925; 
Second Impression, 1927; Third Impression, 1935.) 


No. 2. Analytic Functions of a Complex Variable, by Proressor D. R. Curtiss. 
(First Impression, 1926; Second Impression, 1930.) 


No. 3. Mathematical Statistics, by Proressor H. L. Rretz. (First Impression, 1927; 
Second Impression, 1929; Third Impression, 1936.) 


No. 4. Projective Geometry, by Proressor J. W. Younc. (First Impression, 1930; 
Second Impression, 1938.) 


No. 5. History of Mathematics in America before 1900, by Proressors Davip 
EuGENE SMITH and JEKUTHIEL GinsBure. (First Impression, 1934.) Out 
of print. 


No. 6. Fourier Series and Orthogonal Polynomials, by ProrEssor DUNHAM JACK- 
son. (First Impression, 1941.) 


Price $1.25 per copy to members of the Mathematical Association, one copy to 
each member, when ordered directly through the Secretary, W. D. Carrns, 97 
Elm St., Oberlin, Ohio. 

Additional copies for members, and copies for non-members, may be purchased 
from the Open Court Publishing Co., La Salle, Illinois, at the regular price of 
$2.00 per copy. 


The Chauvenet Prize 


In the year 1925, the MATHEMATICAL ASSOCIATION OF AMERICA established a prize of 
one hundred dollars for the best expository paper published in English during suc- 
cessive periods of five years by a member of the Association. Through two subsequent 
gifts the prize is now awarded every three years. The last award was made in Decem- 
ber 1941 to Professor Saunders Mac Lane for his two papers in the American Mathe- 
matical Monthly: “Modular fields,” volume 47, 1940, pp. 259-274 and “Some recent ad- 
vances in algebra,” volume 46, 1939, pp. 3-19. 


As determined more recently by the Trustees, the prize is to be fifty dollars and is to 
be awarded for a noteworthy expository paper such as will come within the range of 
profitable reading of members of the Association. The purpose of the prize is to 
stimulate expository contributions in mathematical journals on the part of the younger 
American scholars. The award does not apply to books, although the CArus Mono- 
GRAPHS are expository in character and on this score might be included; they carry 
their own reward. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAuvEeNET Prize will tend to stimulate such production. 


Note that the prize is to be awarded only to a member of the AssocIaATlIoN—one more 
of the many good reasons for membership. 
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MATHEMATICAL REVIEWS 


a new international journal 


OFFERS 


prompt reviews of mathematical papers and books 
complete subject and author indices in each volume 


microfilm or photoprints of most articles reviewed—at cost 


$13.00 per year 


Sponsored by American Mathematical Society, Mathematical Association of 
America, London Mathematical Society, Union Matematica Argentina, & others. 


Special rate of $6.50 per year for members of sponsoring organizations. 


Send subscription order or request for sample copy to 


American Mathematical Society, 531 West 116th Street, New York City 


for freshmen 


FIRST YEAR COLLEGE MATHEMATICS 


By Cleon C. Richtmeyer and Judson W. Foust 
Central Michigan College of Education 


Clear-cut treatments of algebra, trigonometry, analytic geometry, and an 
introduction to the concepts of the calculus, unified throughout by the 
function principle. Among special features are the review of algebra, the 
self-tests (more than 500), the many problems (3976), and the flexible 
quality of the book. 


461 pages 8 vo $3.25 


GENERAL MATHEMATICS FOR STUDENTS OF BUSINESS 
By William S. Schlauch, New York University 


A text in general mathematics planned to prepare students for successful 
work in the mathematical theory of investments, finance, insurance, business 
calculations, statistics, and budgeting. Algebra, calculus, trigonometry, prob- 
ability, and finite differences are covered. The many problems and illustra- 
tive examples are chosen from the field of business, 

393 pages 8 vo $3.75 


WRITE FOR FURTHER INFORMATION 


F. S. CROFTS & CO. 
101 Fifth Avenue, New York 
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PRACTICAL TEXTS FOR WAR TRAINING COURSES 


SPHERICAL TRIGONOMETRY WITH NAVAL 


AND MILITARY APPLICATIONS 


By LymMAn M. Ketts, Wits F. Kern, and James R. BLanp, United States Naval 


Academy. Ready in April. 


This forthcoming text represents a revision 
and expansion of that part of the authors’ 
well-known Plane and Spherical Trigonom- 
etry which deals with spherical trigonometry. 
Designed especially for students in war train- 


ing courses, the text covers in detail the sub- 
ject of spherical trigonometry, and also takes 
up the most important applications of trigo- 
nometry and logarithms to navigation and 
related topics. 


ELEMENTARY MATHEMATICS IN ARTILLERY FIRE 
By JoserpH MILLter THomas, Duke University. 255 pages, 6 x 9. $2.50 


In this book the author discusses problems 
which arise in artillery fire and which can be 
solved by means of elementary mathematics. 
The book is intended as a text for a term’s 
course in college mathematics, presupposing 


a knowledge of plane geometry, plane trig- 
onometry, and elementary algebra. There is 
a unique treatment of the accuracy of inter- 
polation in the logarithmic tables. 


MATHEMATICS FOR ELECTRICIANS AND RADIOMEN 
By Netson M. Cooke, Chief Radio Electrician, United States Navy; Instructor, Radio 
Materiel School, Naval Research Laboratory, Washington, D.C. 604 pages, 6 x 9. $4.00 


The author of this text furnishes the elec- 
trical and radio student with a sound mathe- 
matical foundation and shows him how to 
apply this knowledge to the solution of prac- 
tical problems most frequently encountered 
in actual practice. The mathematical scope 


Mathematics 


By JoHN W. BrENEMAN, The Pennsyl- 
vania State College. The Pennsylvania 
State College Industrial Series. 210 
pages, 6x9. $1.75 


Mathematics for the Aviation Trades 
By JAMes Natpicu, Manhattan High 


School of Aviation Trades. 267 pages, 
6x 9. $1.80 


Mathematics for Electricians. New sec- 
ond edition 


By Martin H. Kueun, Seneca Voca- 
tional High School, Buffalo, N.Y. 254 
pages, 5% x 8. $1.75 


Practical Mathematics. New fourth edi- 
tion 


By the late CLAupe I. PALMER; and 
F, Bip, Illinois Institute of 
Technology 

Part. i. with Applications. 
186 pages, 5x7. $ 

Part II. Algebra, with Applications. 251 
pages, 5x7. $1.2 


of the book includes elementary algebra 
through quadratic equations, logarithms, 
trigonometry, elementary plane vectors, and 
vector algebra as applied to alternating cur- 
rent circuits. 


Part III. Geometry with Applications. 
206 pages, 5x7. $1.25 
Part IV. Trigonometry and Logarithms. 
209 pages, 5x 7. $1.25 


Higher Mathematics for Engineers and 
Physicists. New second edition 
By Ivan S. SoKOLNIKoFF, University of 


Wisconsin, and ELtzaBetH S. SOKOLNI- 
KOFF. 571 pages, 6x 9. $4.50 


Practical Mathematics. New fourth edi- 
tion 
By H. Wo tre, F, MUuEL- 
LER, and Serpert D, MULLIKIN, Appren- 
tice School, Ford Motor Company. 303 
pages, 4x 7. $2.20 


Practical Shop Mathematics. New sec- 
ond edition 
By H. Wotre; and Everett R. 
PuHetps, Wayne University. Vol. I. Ele- 
mentary. 349 pages, 4x 7%. $2:20. Vol. 
II. Advanced. 318 pages, 4x 7%. $2.20 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 


330 West 42nd Street 


New York, N.Y. 
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A FIRST YEAR OF 
COLLEGE MATHEMATICS 


By RAYMOND W. BRINK, Ph.D. 


A UNIFIED TREATMENT, based upon the related concepts of function and the corre- 
spondence between geometric and numerical relations, gives this book many advan- 
tages over the usual three-unit type of course. Much repetition is eliminated, a sense 
of unity of subject-matter is achieved, and the opportunities for practical application 
of principles to the solution of problems are greatly widened. A rich and thorough 
text, adaptable to courses of various lengths and interests. 


667 pages illustrated $3.50 


D. Appleton-Century Company 
35 West 32nd Street New York, N.Y. 


PLANE & SPHERICAL TRIGONOMETRY 


BY PAUL R. RIDER 


This new basic text for courses in trigonometry, prepared 
by the author of an already highly successful college alge- 
bra, is pedagogically sound and clear. Applications are 
introduced early. Numerically simple problems are used 
first in order that principles and methods may be learned 
without the usual maze of computations. The use of ap- 
proximate numbers in computations and the question of 
significant figures have been stressed. The arrangement of 
chapters makes it possible for the instructor to use a 
different order if he prefers. Extensive sets of carefully 
graded problems are included. A protractor and four place 
tables are inserted in an envelope on the inside back cover. 


275 pages $2.00 


THE MACMILLAN CO., 60 FIFTH AVE., NEW YORK 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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THE AMERICAN 
MATHEMATICAL MONTHLY 


DEVOTED TO THE INTERESTS OF 


COLLEGIATE ‘MATHEMATICS 


VOLUME 49 NUMBER 4 
CONTENTS 

What Is the Ergodic Theorem? . . . . . .G.D.BrirkHorr 222 


Focal Cubics Associated with Four Points ina Plane M.G. Boyce 226 
Mathematics Placement at the University of Oregon C. F. Kossack 234 
An Application of Vector Analysis to Thermodynamics J.T. Rucker 238 
A Notation for Infinite Manifolds . . . . Epwarp Kasner 243 


Discussions and Notes P. C. HAMMER, Epwarp SaAIBEL, Luise LANGE 245 


Pre-Training of Aviation Cadets. . . . . . . . . 
Meetings of the Association andIts Sections . . . . . . . 2%6 
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